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ABSTRACT. This article is based on the author’s thesis, “Dynamics of rational
functions and rational semigroups on the Riemann sphere”, and consists of two
topics. The first topic is about Blaschke products and rational functions with
Siegel disks. The second one is about Julia sets of quartic polynomials and
polynomial semigroups. Throughout this article, our interest is on topological
and geometrical properties of Julia sets.

1. INTRODUCTION

Let f be a rational function on the Riemann sphere. In the theory of complex
dynamics, there are two important sets called the Fatou set and the Julia set. The
Fatou set is the set of normality in the sense of Montel for the family { f"}°°,, where
f" = fo---ofis the n-th iteration of f. The Julia set is the complement of the
Fatou set. The dynamical behavior of f is stable on the Fatou set and “chaotic” on
the Julia set, and recent advances in computer graphics have enabled us to notice
that Julia sets have “fractal structure”. In general, Julia sets are complicated and
have abundant topological and geometrical properties. Moreover although Julia
sets of polynomials are compact subsets of the complex plane with empty interior,
there exists a quadratic polynomial such that its Julia set has positive Lebesgue
measure. Therefore Julia sets have enough fascinations to warrant further study.

This article consists of two topics. Section 2 deals with Blaschke products and
rational functions with Siegel disks. A Siegel disk of some polynomial with bounded
type rotation number has the quasicircle boundary containing its critical point. For
complex numbers A and p with Ay # 1 and a positive integer m, we consider two
rational functions

Zm+ A
o) = (5557
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and

24+ 2\"
Fy um(2) :z( ) )

puz+1

The two rational functions E) , ., and F) , ., are semiconjugate via S,,(z) = 2™,
namely

F)\,,u,m o Sm = Sm o E)\,,u,,m-

We show that the Siegel disk of F) , » centered at the origin with bounded type
rotation number has the quasicircle boundary containing its critical point. This
property is inherited by F , ., because of the semiconjugate relationship. In order
to show the above statement, we consider two Blaschke products

A, (2) = i, 2" —a zm - b

" 1—azm 1—bzm
Bm — 2mimo z a z _

(2) = Z(l—az 1—0z2)

which are semiconjugate via .S,,, and employ the quasiconformal surgery.

Section 3 deals with quartic polynomials and polynomial semigroups. It is known
that if all finite critical points of a polynomial of degree greater than one belong
to the attracting basin of the point at infinity, then the Julia set is totally discon-
nected and the polynomial restricted to the Julia set is topologically conjugate to
the shift map on the symbol space. In the case that the Julia set of a polynomial of
degree greater than one is neither connected nor totally disconnected, simplifying
the dynamics of the polynomial on the Julia set into the dynamics of the shift map
becomes a problem. In the case that the Julia set of a quartic polynomial is under
the above assumption, we show that there exists a homeomorphism between the
set of all components of the filled-in Julia set with the Hausdorff metric and some
subset of the corresponding symbol space with the ordinary metric. Furthermore
the quartic polynomial is topologically conjugate to the shift map via the homeo-
morphism. The result associates the Julia set of the quartic polynomial with that
of a certain polynomial semigroup, namely there exists a homeomorphism between
the Julia set of the quartic polynomial and that of the polynomial semigroup.

and

2. BLASCHKE PRODUCTS AND RATIONAL FUNCTIONS WITH SIEGEL DISKS

In this section we study geometrical properties of the boundary of Siegel disks.
A Siegel disk of some polynomial with bounded type rotation number has the
quasicircle boundary containing its critical point. In order to construct such a
Siegel disk not of a polynomial but of a rational function, we consider some Blaschke
product and employ the quasiconformal surgery.
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2.1. Siegel disks of bounded type.

Let f : C — C be a rational function of degree d > 2 with a fixed point of
multiplier ¢?™@ at the origin, where o € [0, 1] is irrational. Bryuno showed that if
« is a Bryuno number, then f is linearizable near the origin. Yoccoz showed that
if a is not a Bryuno number, then the quadratic polynomial P,(z) = 2% 4 e*™2
is not linearizable near the origin, namely P, is linearizable near the origin if and
only if v is a Bryuno number. Moreover the following theorem holds if « is of
bounded type.

Theorem 2.1 (Ghys-Douady-Herman-Shishikura-Swiatek). If a € [0,1] is irra-
tional of bounded type, then the boundary of the Siegel disk A of P, centered at the
origin is a quasicircle containing its critical point —e*™® /2.

Moreover if a € [0, 1] is irrational of bounded type, then the following statements
hold:

(a) (Petersen). The Julia set of P, is locally connected and has measure zero.

(b) (McMullen). The Hausdorff dimension of the Julia set of P, is less than two.

(¢) (Graczyk-Jones). The Hausdorff dimension of OA is greater than one.
Conversely Petersen showed that if OA is a quasicircle containing the finite critical
point —e?™@ /2 of P,, then « € [0,1] is of bounded type. Zakeri extended Theorem
2.1 to the case of cubic polynomials.

Theorem 2.2 (Zakeri, [44]). Let f be a cubic polynomial with a fized point of
multiplier €™ at the origin. If an irrational number o € [0,1] is of bounded type,
then the boundary of the Siegel disk of f centered at the origin is a quasicircle
containing one or both critical points.

Geyer showed the following theorem which extended Theorem 2.1 to the case
of the polynomial Q, m(2) = €*™*2(1 4+ z/m)™. The quadratic polynomial P, is
conformally conjugate to Qq, 1.

Theorem 2.3 (Geyer, [19]). Let m be a positive integer. If an irrational number
a €10, 1] is of bounded type, then the boundary of the Siegel disk of Qu.m centered
at the origin is a quasicircle containing its critical point —m/(m + 1).

Let F), ,(2) = z(z+A\)/(nz+1) with Au # 1. The origin and the point at infinity
are fixed points of F , of multiplier A and p respectively. In the case that u =0,
Fy.0(z) = Az + 22, Therefore the quadratic rational function F) , is considered as
a perturbation of the quadratic polynomial z — Az +22. In the case that A = e*™@
and « is irrational of bounded type, the author showed the following theorem which
is a generalization of Theorem 2.1.

Theorem 2.4 ([24]). If an irrational number o € [0, 1] is of bounded type, \ = *™*
and p € I with Ap # 1, then the boundary of the Siegel disk of F\ , centered at
the origin is a quasicircle containing its critical point.

For complex numbers A and p with Ap # 1 and a positive integer m, we consider

two rational functions \
AL
E, ,wz)=2z ——
A, s ( ) (Mzm T 1)
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and

24+ A\
Fy um(2) :z( ) )

pz+1
The two rational functions E) , , and F) , », are semiconjugate via S,,(z) = 2™
namely

Y

F)\,u,m o Sm = Sm o E)\,u,m-
It is clear that E) , 1 = F) 4,1 = F) .. The origin is a fixed point of both Ej , .,
and F) , ., of multiplier A and A\™ respectively, and the point at infinity is a fixed
point of both E) , ,, and F) , » of multiplier u and ™ respectively. In the case
that p =0,
Frxom(z)=z(Ez+N".

Therefore the rational function F} ,, , is considered as a perturbation of the polyno-
mial F) o . It is clear that F) o, is conformally conjugate to Q, , if \™ = ™.
In this section we show the following theorems which contain Theorem 2.4.

Theorem 2.5. Let m be a positive integer and let ;1 € D. If an irrational number
a € [0,1] is of bounded type and >y # 1, then the boundary of the Siegel disk

of Ex u,m centered at the origin is a quasicircle containing its critical point, where
)\ = 627ria‘

Theorem 2.6. Let m be a positive integer and let p € D. If an irrational number
a € [0,1] is of bounded type and e*™*u™ # 1, then the boundary of the Siegel disk
of F\,u,m centered at the origin is a quasicircle containing its critical point, where
\ satisfies that \™ = e*™,

Theorem 2.6
=0, m=1 | Theorem 2.1
pw=20 Theorem 2.3
m=1 Theorem 2.4

TABLE 1. Special cases of Theorem 2.6

Theorem 2.6 contains Theorems 2.1, 2.3 and 2.4. Moreover we obtain the fol-
lowing two corollaries.

Corollary 2.7. Let m be a positive integer. If a and [ in [0,1] are irrational
of bounded type and e*™ (0 =£ 1, then the boundary of the Siegel disk of Ex um
centered at the origin and that of the Siegel disk of E\ , m centered at the point at
infinity are quasicircles containing its critical point, where X = > and p = e*™P.

Corollary 2.8. Let m be a positive integer. If a and [ in [0,1] are irrational
of bounded type and €™+ £ 1 then the boundary of the Siegel disk of Fy, 1 m
centered at the origin and that of the Siegel disk of F) , m centered at the point
at infinity are quasicircles containing its critical point, where A and p satisfy that
N7 = e27ria and ,um — eQm',B‘
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2.2. Blaschke product models.

Existence of Blaschke product models.
Let m be a positive integer. We consider the Blaschke product

of degree 2m + 1 with ab # 1 and 0 < [a| < [b] < co. Let A = abe*™ and let
p = abe 2™ The derivative B’ of B is

, gZmimd z—a m z2—b m
B(z):(l—az)Q(l—l_)z)Q<1—c‘zz> (1-&) 9(e),

where

g() = abz" + {~(m+ 1)(@+b) + (m — Dabla +b) }*
+ {Qm +1—(2m —1)|ab]* + |a + b\z}ZQ

+{=(m+1)(a+b) + (m— Dab(a+b) } =+ ab,

Then multipliers of fixed points z = 0 and z = co are A" and u"™ respectively. Let
1, €, c3 = 1/C9 and ¢4 = 1/¢ be the solutions of the equation g(z) = 0. Therefore
critical points of B are a, 1/a, b, 1/b ¢y, ¢z, c3 and ¢4, and multiplicities of critical
points a, 1/a, b and 1/b are m — 1. Since c;, ¢z, c5 and ¢, are the solutions of the
equation g(z) = 0, we obtain that

l

9(z) = 5(2 —c1)(z —e2)(z —e3)(2 — cu)
- aB{z4 03B Oy — Oyt 00},

where

cic c 1 c 1
00:¥, 0125—1<Cz+_—)+_—2(01+_—>a
1

Co C2 C1

c c 1 1 1 1
02:—1+_2+(01+—)(62+—), 03261+—+CQ+T~

c1 G C1 Co C1 Co
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Comparing coefficients of two representations of g(z) implies that

(1) i Loy L D@+h) — m—1atbab

1 1 2 1—(2m — 1)|ab|? b|?
(2) ﬂ"—f_2+(C1—|——)(Cg—i—_—): m (m 7)|CL|+|CL—|—|,

51 Co El Co ab

(3) % (62+l) L@ (01 +l) _ (m+D(atd) - (m—1)@+bab

ab

(4) ae_ %

+{<02+5_12>2_§—z}db+(m—1) (CH(%) (a4 b)ab

+2m+1— (2m — 1)|ab]* = 0,

and eliminating ¢; and ¢; from the equations (1), (3) and (4) gives that

(6) e (c2+_i> ab+ (m+ 1) (_—) (@+b) — (m—1) <@> (a + b)ab

Co Co Ca

1 - _
=2 <C2 + _—> ab+ (m+1)(a+b) — (m —1)(a + b)abd.
We obtain that

(7) |a+b)* = 2(m + 1)e*™#(a + b) — > (2P ab + 3™ *ab
+2(m — 1)e*™(a + b)ab + 2m + 1 — (2m — 1)]ab|* = 0

and

. 1 .. _ 1 . _
(8) e2miC20)qh 4 T ermiv(g 4 fy — L2 e (a + b)ab

. _ 1 ... —1
_ 627rz~2<pab + m;_ 627”’(_@)(0, + b) _ m—

5 e =9 (@ + b)ab
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by substituting c; = €*™# into the equations (5) and (6). Eliminating ab from the
equations (7) and (8) gives that

9) la+b2—2(m+ 1)e2™#(a+b)

2
1. o 1. _
— —m; > (=9 (g + b) 4 26> 2ab + m-2 5 > (=) (@ + b)ab
3 . _
+ é(m — 1)e*™(a + b)ab + 2m + 1 — (2m — 1)|ab]* = 0.

Let ( = a+ b and then

(10) (¢ = S(m + 1)emie

m—+1
——e

5 27ri(—<p)<- + 2627ri-2gpal; + m2_ 1627ri(—go)ab<7

+

[\CR V]

(m — 1)e*™ab +2m + 1 — (2m — 1)|ab* = 0.

The real part of the left side of the equation (10) is

(11) 2* +y* — Zx{(m + 1) cos2mp — (m — 1)rcos2m(p + 6 + w)}
- Qy{(m + 1)sin27¢ + (m — 1)rsin27(p + 0 + w)}

+2rcos2m(2p + 0+ w) +2m+1— (2m — 1)r? =0,

and the imaginary part of the left side of the equation (10) is

(12) y{(m + 1) cos2mp + (m — 1)rcos2m(p + 0 + w)}
- x{(m + 1)sin27p — (m — 1)rsin27(o + 0 + w)}

+ 2rsin2r (29 4+ 0 + w) = 0,

where ¢ = x + iy and p = abe 2™ = re?™. The solutions of simultaneous
equations (11) and (12) are
—1
r = {(m + 1)+ (m — 1)*r* + 2(m* — 1)rcos 27m(2pp + 0 + w)}
X {04 cos 2mp + Cs cos 2m(p + 0 + w)

+Cg cos 2m(3p + 6 + w) + Cr cos 2w (3 + 20 + 2w)}



24 K. KATAGATA

and

-1
Y= {(m + 1)+ (m — 1)*r* + 2(m? — 1)r cos 27m(2pp + 0 + w)}
X {04 sin2mp — Cysin2m(¢p + 0 + w)
+Cgsin 27 (3¢ + 0 + w) — Crsin 2w (3¢ + 20 + 2w)},

where
Ci=(m+1)*2m+1) —2m(m* — 1)r?, Cs=—(m+ 1),
Cs =2m(m* — D)r — (m — 1)*(2m — 1)1, C; = —(m —1)**

Hence ¢ = x + iy satisfies the equation (10). Conversely we show the following
theorem.

Theorem 2.9. Let = 7™ € D and let a = a(0, ) and b = b(0, @) with |a| < |b|
be complex numbers satisfying relations a+b = x +iy and ab = re~?™0+) namely
a and b are the solutions of the equation

(1) 7% — (v +iy)Z +re” ) =0,

where x and y are as above and (0, ) € [0,1]2. Then the following holds:

(a) Ifr =0, then a =0 and b = (2m + 1)e*™%.

(b) If0 <r <1, then 0 < |a] < 1 < |b] < 0.

(c) Ifr=1and 20+ 60 +w=0 (mod 1), then a = b = e>™%.

(d) Ifr=1and 2+ 0 +w #0 (mod 1), then 0 < |a] < 1 < |b] < c0.
(e) In the case (a), (b) or (d),

_ __2mimb Z—a z—b
Bz) = Bo.e.m(z) =€ Z<1—az> (1—bz>

1s a Blaschke product of degree 2m + 1 and the point at infinity is a fived
point of B with multiplier u™. Moreover z = €2™% is a critical point of B
and B|r : T — T is a homeomorphism, where T is the unit circle.

Proof. First, we show the following lemma.

Lemma 2.10. The inequality |z + iy| > 2 holds. Moreover the equality holds if
and only if r =1 and 2¢p + 0 +w =0 (mod 1) hold.

Proof of Lemma 2.10. Since
cos2m-2(2¢p + 0 + w) = 2cos? 27(2¢ + 0 + w) — 1
and

cos 27-3(2¢ + 0 + w) = 4cos” 27 (20 + 0 + w) — 3cos 27 (2 + 0 + w),
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we obtain that

-2
|z +iy|* = {(m +1)% 4+ (m — 1)*? + 2(m* — 1)rcos 27 (2 + 6 + w)}

. ) . . 2
> ’04627”90 + 056727r2(<,0+9+w) + 06627r1(3<p+9+w) + 076727rz(3g0+29+2w)

—2

= {(m + 12+ (m—1)*? +2(m* — 1)rcos2n(2p + 0 + w)}
X {CZ + 052 + 062 + 072 — 20407 — 20506
+ 2(0405 + 0406 + 0507 — 306C7> COS 271'(290 + 0 + LU)

+ 4<C'4C7 + C5C'6> cos® 2m(2¢ + 0 + w) + 8CsCy cos® 2 (2p + 0 + w)}
Therefore

-2
|z + iy|? = {(m + 12+ (m—1)%? +2(m* — 1)rcos2n(2p + 0 + w)}

x |4mSb + 20m° + 41m* + 44m?> + 26m?* + 8m + 1

+ (—4m® — 12m® — 5m* + 12m® + 14m® + 8m + 3) r?
+ (—4m® + 12m° — 5m* — 12m® + 14m® — 8m + 3) r*
+ (4m® — 20m° + 41m* — 44m?® + 26m> — 8m + 1) r°
+{ (8m° + 16m° — 10m* — 48m® — 44m® — 16m — 2) r
+ (—16m° + 44m* — 24m* — 4) r*
+ (8m® — 16m° — 10m™ + 48m® — 44m> + 16m — 2) r5} cos2m(2p + 0 + w)
+ { (~16m° — 20m" + 16m* + 24m? — 4) r*

+ (16m° — 20m* — 16m?® + 24m> — 4) 7’4} cos® 2m(2¢ + 6 + w)

+ (8m* — 16m® + 8) r® cos® 21 (20 + 0 + w)
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- {(m + 12+ (m—1)** +2(m* — 1)rcos2n(2p + 0 + w)}2

X [(m +1)2 4 (m — )% + 2(m* — 1)r cos 27 (2 + 0 + w)}

X [(m +1)2(2m +1)? — 2(4m* — 5m? — 1) + (m — 1)%(2m — 1)%*

+ {—4m(m +1)(2m + 1)r +4m(m — 1)(2m — 1)7"3} cos2m(2p + 0 4+ w)

+ 4(m? — 1)r? cos®* 27 (2 + 0 + w)]

= {(m +1)% 4+ (m — 1)** + 2(m* — 1)r cos 27 (2 + 0 + w)}_l

x [ (m+1)2*2m + 1) = 2(dm* — 5m* — )r* + (m — 1)*(2m — 1)**

+ 4mr{—(m +1)2m+1)+ (m—1)2m — 1)7"2} cos 2m(2¢ + 0 + w)

+4(m? — 1)r?cos* 2 (20 + 0 + w) | .

Let X = cos27m(2¢ + 0 + w) and we consider the function
-1
F(X) = {lm+ 12+ (m = 12+ 2(m? - 1)rX }

x [(m+1)*(2m + 1)? — 2(4m* — 5m? — 1)r* + (m — 1)%(2m — 1)**

+ 4m7°{—(m +1)(2m+1)+ (m—1)(2m — 1)7’2})( + 4(m? — 1)r2X2] :

Then the function f is monotone decreasing on [—1, 1] and

2
F(1) = {Zm +1-(2m— 1)7~} .
In the case that 0 < r < 1, we obtain that

lz+1y| > f(1)=2m+1—-(2m—1)r > 2.
In the case that r = 1 and 29 + 6 +w # 0 (mod 1), we obtain that

lz+iy| >/ f(l)=2m+1—-(2m—1)-1=2.
Moreover in the case that r =1 and 2¢p + 60 + w =0 (mod 1), we obtain that

lz+iyl =+ f(l)=2m+1—-(2m—1)-1=2.
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Proof of (a). It is clear.

Proof of (b). By Lemma 2.10, |a + b| = |z + iy| > 2. In the case that 0 < r < 1,
either 0 < Ja|] < 1 < [b] < o0 or 0 < |a] < || < 1 hold since |allb] = r. If
0 < |a] < |b| <1, then
2 <l|a+b] <lal +[b] < 2.
This is a contradiction and hence the situation 0 < |a| < 1 < |b| < oo happens. If
|b| = 1, then
2<la+b <la|+ b =la] +1 < 2.

This is a contradiction. Therefore the equation () does not have double roots and
0<|al <1<]b| < oc.

Proof of (c). By assumptions, we obtain that z + iy = 2e?™% and re=2m(0+«) =
e?™2¢ Therefore the equation (f) is
Z2 _ 2627ri<pZ + 627Ti-2g0 =0

and hence a = b = 2™,

Proof of (d). By Lemma 2.10, |a + b| = |z +dy| > 2. In the case that r = 1, either
0<lal <1<|bl <ooor|al =|b] =1 hold since |a||b] = 1. If |a| = |b| = 1, then

2 <la+0b] <la|l + b = 2.
This is a contradiction. Therefore the equation () does not have double roots and

0<|al <1<|b] < o0.

Proof of (e). Let

) z—a z2—b 22— (a+b)z +ab
u(z) = — | = —= = :
1—az 1—bz abz? — (a+b)z +1
The necessary and sufficient condition that the degree of the Blaschke product B
be 2m + 1 is that the function u be not constant, and then the necessary and

sufficient condition that the degree of the Blaschke product B be one is that the
function uw be constant. In the case that » = 0, the function u is not constant since

) 22— (2m + 1)e*™¢z
u(z) = . :
—(2m + 1)e vz + 1

If » # 0, then
abz* — ab(a + b)z + |ab|?
abz? —(a+bz+1
In the case that 0 < r < 1, the degree of the Blaschke product B is 2m + 1 since
lab] = r < 1. In the case that r = 1, we obtain that

1
u(z) = =

—9me—2mi(Be+0+w) {627ri(2<p+0+w) _ 1}3

_[_) b) — (a l_) — .
ab(a +b) (a—l—) m?+ 14 (m? — 1) cos2m(2¢p + 0 + w)
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Therefore in the case that r = 1 and 2p + 6 +w # 0 (mod 1), the degree of the
Blaschke product B is 2m + 1. On the other hand, if r =1 and 294+ 0 4+w =0
(mod 1), then

— 22

1
ab
and the degree of the Blaschke product B is one. It is clear that the point at infinity
is a fixed point of B with multiplier ™. Moreover it is clear that g(e*™¥) = 0 and

hence z = e?™¥ is a critical point of B, where
627rim0 = a m=1 = b m=1
B'(z) = _ _ —
C) = T ara (1—az> (1—62) 9(2)

g() = abz" + {~(m+ 1)(@+1b) + (m — Dabla +b) }=*

u(z) =

and

+ {Qm +1—(2m —1)|ab]* + |a + b\2}22
+ {—(m +1)(a+b)+ (m — 1)ab(a + B)}z + ab.

Finally we show that two critical points of B other than a, 1/a, b, 1/b (if m > 2)
and e’ belong to C \ T. In the case that r = 0, we obtain that

9(z) = —(m+1)2m + 1)e ™%z (z — 627”@)2 :

Therefore critical points of B are b, 1/b (if m > 2), 0, co and €. In the case
that r # 0, let

eQTrzgo

. {096727%-2(2<p+9+w) + 086727ri(2<p+9+w) + C’g} o 6727Ti-2(<,0+0+w)’
10

Cs = —(m +1°2m +1) +2(2m" —m* — 1)r* — (m — 1)*(2m — 1)r",
Co = (m+ 1) — (m — 1)*%,
Cio=(m+ 1)+ (m—1)%% 4+ 2(m* — 1)rcos 2m(2p + 0 + w).
1,—2mi(0+w)

Then we can factor r~—'e g(z) as

% e IO g (2) = (2 — 62”“")2 - h(z).
Let ,
hi(z) = egmp {096—27ri~2(2<p+9+w) + 086—27ri(2<p+9+w) T Cg} -
and N

hQ(Z) — 22 + 6727Ti-2(<p+9+w).

For any z in T, we obtain that |hy(2)| < 2.
Lemma 2.11. The inequality |hy(z)| > 2 holds on T.
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Proof of Lemma 2.11. In the case that 0 < r < 1, we obtain that

1 | |
|h1(2j)| = W }096—271'1-2(2%4—94—&1) + 086—27rz(2<p+9+w) + Cg‘
10
S Gl =208 G20y
|Gl Col = O

on T, where

v(m,r) = {(Sm —D(m+1)r+(m-— 1)2fr3}_1
X {(m F13@m 1) — 2(m + 1% — 2(2m* — m? — 1)
+2(m —1)%3 + (m — 1)3(2m — 1)r4}.

Since the function r +— wv(m,r) is monotone decreasing on (0, 1] and v(m, 1) = 2,
we obtain that |hy(z)] > 2 on T. In the case that r = 1 and 29 + 6 +w # 0
(mod 1), we obtain that

‘09’ —27i-2(2 CS —927i
hi(2)| = e~ 2m (2p+0+w) + Z2e 27 (2p+0+w) + 1
|ha(2)] Cool C.
Co —2mi(2p+0 2 Cs —2mi
— e~ 2mi(2¢+ +w) +1V (=2 _2)e 273 (20+0+w)
|Chol { J Cy
S Coy ‘6727ri(2g0+9+w) n 1‘2 B % o
B ‘Clol Cg
_ 09 |e,27m'(24p+0+w) + 1‘2 B 4(4m2 + ].)
|010| 3m?2 + 1
—  2m? 3m2+1
_B3mialf4lmi 1)
2m?2 3m? +1
=2
on T. ]

By the Rouché’s theorem, the number of roots of h(z) = hy(z) + ha(z) on D is
one since |hi(z)] > 2 > |ha(z)| on T and the number of roots of hi(z) on D is
one. Hence one of critical points of B other than a, 1/a, b, 1/b (if m > 2) and
e?™% belongs to ID. Since critical points of a Blaschke product are symmetric with
respect to the unit circle, the other one critical point of B belongs to C \D. In
this case, the inverse image B~!(T) of T is the union of T and a figure eight 8
which crosses at z = €?™?. See Figure 1. Then Blg: 8 — T is a 2m-to-1 map and
therefore Bl : T — T is a homeomorphism. O
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FIGURE 1. The inverse image Be_’}p’m('ﬂ') of the unit circle T.

Remark 2.12. Two complex numbers a = a(f, ¢) and b = b(0, ) satisfy that
a(f0+1,¢) = a(t,¢) = a(0, ¢ + 1)

and

b0+ 1,0) =b(0,0) =b0, 0+ 1).

Rotation numbers of Blaschke products.
Let f: T — T be an orientation-preserving homeomorphism and let f R — R be
a lift of f via x — €2 which satisfies that f(z+1) = f(z)+ 1 for all z € R. The
lift f of f is unique up to addition of an integer constant. The rotation number
p(f) of f is defined as

o(F) = tim 2
which is independent of = € R. The rotation number p(f) is defined as the residue
class of p( f ) modulo Z. Poincaré showed that the rotation number is rational with
denominator ¢ if and only if f has a periodic point with period ¢q. The following
theorem is important (see [28]).

Theorem 2.13. Let F be the set of all orientation-preserving homeomorphisms
from the unit circle onto itself with the topology of uniform convergence. Then the
rotation number function p : F — R/Z defined as f — p(f) is continuous.

Let a(6, ) and b(6, ) be as in Theorem 2.9. We define a map T',,, : [0,1> — T

as
omiz m omiz m
Ty (2.0, ) = e a(Q,gp? e b(@,gp?
1 —a(0,p) e?mi= 1 —b(0, @) e2mi=

and a map H,, : [0,1]* — T as

2mix m omiz m
Hm($a9790,t) - ( € ﬂ@,t) > ( € b(07()07t) )

1—a(f,p,t)e> i 1—0(0,p,t) ez
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where

a(0,¢,t) = (1 = t)a(0, p) + te*™?
and

b(B,0,t) = (1 —1)b(6, ) + te*™?.

In the case that r = 1 and 2¢p + 0 + w = 0 (mod 1), we obtain that T',,(z,0, ) =
e?™2m¢ The following three lemmas play important roles in the proof of Theorem
2.17.

Lemma 2.14. A map H,(-,0,¢, -) : [0,1]> — T is a homotopy between a loop
x — Lp(x,0,9) and a constant loop x +— €*™2™% for any (0, ) € [0,1]2.

Proof. 1t is clear since H,,(-,0,0,0) = Tp(-,0,0) and H,,(-,0,p,1) = e2™2me,
O

Lemma 2.15. A map H,(z, -, ¢, -) : [0,1]* — T is a homotopy between a loop
0+ T, (z,0,0) and a constant loop 0 — e*™*™% for any (z,p) € [0, 1]%.

2mi-2mep

O

Proof. 1t is clear since Hy,(z, -,¢,0) = Iy (z, -, ) and Hy,(z, -, ¢,1) =€

Lemma 2.16. A map H,,(z,0, -, -) : [0,1]> — T is a homotopy between a loop
o Tp(z,0,0) and a loop ¢ — > 2™ for any (x,0) € [0, 1]>.

Proof. Tt is clear since H,,(z,0, -,0) = I'\y(z,0, ) and H,,(z,0, -,1) = e2™2me,
O

Lemma 2.14 and Lemma 2.15 imply that

arg (I'n(z + 1,0, ¢)) = arg (U'n(2,0,¢)) = arg (L (z, 6 + 1, ¢)),
and Lemma 2.16 implies that

1 1
P arg (T (x,0,0 4+ 1)) = Py arg (T (x, 0, ¢)) + 2m.

Theorem 2.17. Let o € [0,1] and let p = re*™ € D. Besides let a = a(f, ) and
b=10(0,¢) be as in Theorem 2.9. Then for the Blaschke product

' _ m _ m
B " — 2mimé z a 4 _
oem(2) =€ Z(l—dz 1—bz) ’

By, o.m|r : T — T is an orientation-preserving homeomorphism. Moreover
(a) If 0 < r < 1, then there exists (6o, o) € [0,1]? such that p(By,,so.m|T) = .
(b) If r = 1 and o +mw # 0 (mod 1), then there exists (6o, o) € [0,1]* such
that p(Bg,, o, m|T) = @ and 2pg + 60y +w # 0 (mod 1).

Proof. In the case that r =1 and 29 + 0 +w =0 (mod 1),

BG, o m(z> _ e2mm(2<p+9)z _ e2m(—mw)z‘
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Therefore By , |t : T — T is an orientation-preserving homeomorphism and its
rotation number satisfies that p(Bp,, m|r) = —mw (mod 1). In the other cases, we
consider a lift

~ 1
Bopum() =m0 + 2 + = arg (T(z,6, ¢))

of By pmlr: T — T via & — €. By Lemma 2.14,

- 1 ~
By p.m(w+1) =mb +z + 1+ 5—arg (In(z +1,0,9)) = By p.m(2) + 1

for all x € R. This implies that By , m|r : T — T is an orientation-preserving
homeomorphism. Consequently the rotation number of p(By o m) is well defined.

By Lemma 2.15, we obtain that E{f%m(m) — B (&) +mn and hence

0,0,m
(13> p(Bl,tp,m) = p(BO,tp,m) +m.
Moreover by Lemma 2.16, we obtain that Egnlm(x) = §97307m(x) + 2mn and hence
(14> p<§0,l,m> - p(EQ,O,m) + 2m.

These two equations (13) and (14) imply that
p(gl,l,m> - p(EO,O,m) + 3m.
Therefore in the case that 0 < r < 1, there exists (0, o) € [0, 1]* such that
o= p(B90,s00,m|T) = p(B90,<P0,m> (HlOd 1)

since the rotation number function (6, ¢) — p(Bpg,, m|r) is continuous. In the case
that r =1, if 29 + 6 +w =0 (mod 1), then p(By, 4 m|r) = —mw (mod 1). Hence
if  +mw Z 0 (mod 1), then there exists (6y, @) € [0, 1]* such that

a = p(Beo,soo,th) = p(B90,<Po,m) (mOd 1)
and 29 + 6y +w #Z 0 (mod 1). O
Remark 2.18. By theorem 2.9, the degree of By, ,,m is 2m + 1.

Let m be a positive integer. We consider another Blaschke product

A(z)zeQmez(Z —a) (Z __b>
1—azm 1—0bzm

of degree 2m + 1 with ab # 1 and 0 < |a| < [b] < co. Let A = abe*™™ and let
p = abe=?™®  Then multipliers of fixed points z = 0 and z = oo are A and
respectively. Blaschke products

] m m_}
A — 276 4 a 4 _
(2) = 7 (1 —azm 1—bzm
' _ m _ m
B — 27wimo z a z _
(2) = e (1 —az) \1-02

and
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are semiconjugate via S,,(z) = 2™, namely
BoS,=5,0A.

Therefore if Bl : T — T is an orientation-preserving homeomorphism, then so is
Alr : T — T. The following is a corollary of Theorem 2.17.

Corollary 2.19. Let o € [0,1] and let i = re*™ € D. Besides let a = a(6, ) and
b="0(0,) be as in Theorem 2.9. Then for the Blaschke product

_ 2mif M —a 2" —b
Ao.om(2) =€ Z(l—azm) (1—1_)27”)7

Ay o,mlr : T — T is an orientation-preserving homeomorphism. Moreover
(a) If 0 < r < 1, then there exists (6o, o) € [0,1]? such that p(Agy, e, mlT) = .
(b) Ifr =1 and a+w #Z 0 (mod 1), then there exists (6o, po) € [0, 1] such that
P(Agy, po,m|T) = @ and 209 + 0y +w # 0 (mod 1).

Proof. By Theorem 2.17, By ,, |1 : T — T is an orientation-preserving homeomor-
phism. Therefore so is Ag, i, m|r : T — T. We consider a lift

— 1 627rimac —a eQﬂimm _ b
Ag o mlz) =0 — 4 ——
0,4, (l’) +Q§'+2ﬂ_ arg{(l_ae%rzmx> (1_b€2mmx>}

of Ag.pmlr: T — T via x — €*™*. Tt is clear that mﬁg,%m(x) = Eg, o.m(mz) and
therefore

m Ay %m(m) = Bgf%m(mx).

Since Ag, o, m |1 and By, , |1 are orientation-preserving homeomorphisms, we obtain
that
mp(;{e,@,m) = p(EG,ap,m)
and
m p(Ag,p,mlr) = p(Bo, ¢, mlr)-

We consider the case that 0 < r < 1. By Theorem 2.17, for § = ma there exists
(6o, o) € [0, 1]? such that

p(Beo,kpo,mh‘) - ﬁ
Therefore this implies that
p(A9079007m’T) = Q.
Next we consider the case that r = 1. It is clear that if & +w #Z 0 (mod 1), then
B+ mw#0 (mod 1). By Theorem 2.17, there exists (6y, ¢o) € [0,1]? such that
p(Beo,soo,mlT) = ﬁ
and 29 + 60y +w #Z 0 (mod 1). Hence we obtain that

p(A907 ©o, m’T) = Q.
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2.3. Quasiconformal surgery.
In this subsection we prove Theorems 2.5 and 2.6 and Corollaries 2.7 and 2.8. Let
f iR — R be a homeomorphism. If there exists £ > 1 such that

+1) — f(=)
)= flz —1)
for all x € R and all ¢t > 0, then f is called k-quasisymmetric. A homeomorphism
h:T — Tis k-quasisymmetric if its lift h : R — R is k-quasisymmetric.

<k

i
k= | f(z

Theorem 2.20 (Beurling-Ahlfors). Any k-quasisymmetric homeomorphism [ :
R — R s extended to a K-quasiconformal map F : H — H. The dilatation K of
F' depends only on k.

Hence if a homeomorphism h : T — T is k-quasisymmetric, then we can extend
h to a K-quasiconformal map H : D — D whose dilatation depends only on k. The
following theorem gives an equivalent condition for the rotation number and the
linearizability of an orientation-preserving homeomorphism on the unit circle.

Theorem 2.21 (Herman-Swiatek). The rotation number p(f) of a real analytic
orientation-preserving homeomorphism f : T — T s of bounded type if and only if

[ is quasisymmetrically linearizable, namely there exits a quasisymmetric homeo-
morphism h : T — T such that ho f o h™1(z) = e2™r(f) 2.

We recall that

2ZMm+ A 24+ 2\
EA,#,m(z)—z(—), FA,u,m(z)—z( ),

p™ 41 pz+1

] m __ m_}
A - — 2760 i a z _
orpim(2) = € Z(l—azm 1—ben |’

A _ m 5 m
B m — 2mimo Z a z _
orpim(2) = € Z(l—az 1—bz)

where a = a(f, ) and b = b(f, ) are the solutions of the equation (f). In this
case, z = e¥™% is a critical point of By ., and z = e2™(#*+)/™ ig g critical point of
Ag oo for 5=0,1,...,m—1.

Proof of Theorem 2.5. By Corollary 2.19, there exist (6, ¢) € [0, 1]* such that the
degree of Ag , m is 2m + 1 and p(Ag, 4 m|r) = . By Theorem 2.21, there exists
a quasisymmetric homeomorphism h : T — T such that h o Ay , m|T © h=' =R,
since « is of bounded type, where R, (z) = €*™*z. By the theorem of Beurling and

Ahlfors, the quasisymmetric homeomorphism % has a quasiconformal extension
H :D — D with H(0) = 0. We define a new map Ay , m as

Ag. oom C\ D,
Qle,w,m:{ b0 OHC\

H'oR,oH onD.
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The map 2y, » is quasiregular on C since T is an analytic curve. Moreover g, o,

is a degree m + 1 branched covering of C. We define a conformal structure 00,0, m
as

H*(09) on D,
00,0m = (A 5 ) © H*(00) on 2" (D) \D for all n € N,
o on C\U~, Ao m (D),

where 0y is the standard conformal structure on C. The conformal structure 00,0, m
is invariant under 20y ., ,,, and its maximal dilatation is the dilatation of H since H is
quasiconformal and Ay, », is holomorphic. By the measurable Riemann mapping
theorem, there exists a quasiconformal map ® : C — C such that D 0y = 09,0, m-
Therefore ® o Ay , ., 0 P! is a rational function of degree m + 1. We normalize
¢ by ¢(0) = 0, ¢(00) = oo and P(by) is a point with ®(by)™ = —A, where by is
an m-th root of b and X\ = e**®. Then other m-th roots by, ..., b, of b also satisfy
that ®(b;)™ = —\.

Lemma 2.22. For the quasiconformal map ® normalized as above,
Expjm=®0A ,mnod .

Proof of Lemma 2.22. First we consider the case that p # 0. Since orders of zeros
and poles are invariant under conjugation, we obtain that

_ Zm 4 A
D oA pmo P (2) =v2 (Zm+§>

for some v and & with v ¢ # 0. Since multipliers of fixed points are also invariant
under conjugation, we obtain that

(15) A= (20Ugpmod ) (0) :Vg
and

1 1
16 _ _1
(16) I @0y, mo® 1) (00) v

By the equations (15) and (16), we obtain that v = £ = 1/u. Therefore
B oUg pmodl(z) = 2 (%) =2 (/%) = B um(2).
In the case that p = 0, we obtain that
PoAg,mo® H(2)=v2(z"+ N
for some v # 0. Since
A= (®oAgymo <I>_1)/ (0) =vA,
v=1land Poy , mo® = E\ ,m. O
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r=20.9

FIGURE 2. Golden Siegel disks of the rational function F) , ; cen-
tered at the origin, where A = 2™ V5=1)/2 and g = re2™ V5-1/2 Ty
the case that r = 1, the point at infinity is the center of another
golden Siegel disk.

The rational function E, , ., has a Siegel disk A = ®(ID) with a critical point
P(erilet)/my € OA. Moreover A = ®(T) is a quasicircle since ® is quasiconfor-
mal. We have completed the proof of Theorem 2.5. U

Remark 2.23. The boundary of the Siegel disk of F) , . centered at the origin
contains m critical points
(I)(eQWitp/m)

(I)(e%ri(gp—&-l)/m) (I)(eQTri(go—&-m—l)/m).

? A

Proof of Theorem 2.6. Let A be a complex number satisfying \™ = ¢?™*. By the
assumption e?™*y™ £ 1, we obtain that Ay # 1. By Theorem 2.5, the boundary
of the Siegel disk A of E) , ., centered at the origin is a quasicircle containing
its critical point ®(e?™#+)/m)  Since two rational functions Ej ., and F . m
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are semiconjugate via S,,(z) = 2™, S,,(A) is the Siegel disk of F) ,, », centered at
the origin and the boundary 95,,(A) is a quasicircle containing its critical point

Sy (@ (e2Tile+D) /M), n

Remark 2.24. The boundary of the Siegel disk of F) , . centered at the origin
contains only one critical point, since

S(@(ETEHI) = G, ({20 )
for any j and kin {0,1,...,m — 1}.

Proof of Corollary 2.7. Let I(2) = 1/z. Then E) m = [ 0o E, xmol. Let A
and A, be Siegel disks of E) , n, centered at the origin and the point at infinity
respectively. By Theorem 2.5, the boundary of A contains a critical point of Ey ,, .
On the other hand, I(A.) is the Siegel disk of E,, ) ,, centered at the origin. By
Theorem 2.5, the boundary of I(A) contains a critical point of £, 5 ,,. Therefore
the boundary of A contains a critical point of Ey , . O

The proof of Corollary 2.8 is similar to that of Corollary 2.7.

3. JULIA SETS OF QUARTIC POLYNOMIALS AND POLYNOMIAL SEMIGROUPS

For a polynomial of degree greater than one, the Julia set and the filled-in Julia
set are either connected or else have uncountably many components. In the case
that the Julia set of a quartic polynomial is neither connected nor totally discon-
nected, there exists a homeomorphism between the set of all components of the
filled-in Julia set with the Hausdorff metric and some subset of the corresponding
symbol space with the ordinary metric. Furthermore the quartic polynomial is
topologically conjugate to the shift map via the homeomorphism. Moreover there
exists a homeomorphism between the Julia set of the quartic polynomial and that
of a certain polynomial semigroup.

3.1. Homeomorphy.

Definition 3.1. The symbol space on g symbols is the countable product X, =
{1,2,...,q}*. For s = (s,) and t = (t,,) in X,, the metric p on ¥, is defined as

p(s,t) = nf; (5(55—;1571)’ where §(k,l) = {(1) i Z iﬁ’
Then (X,, p) is a compact metric space. The shift map o : £, — 3, is defined as
o((s0,81,52,...)) = (S1,52,...).
The shift map o is continuous with respect to the metric p.

The connectivity of the Julia set of a polynomial is affected by the behavior of
finite critical points. Dynamics on the Julia set is simple if its all finite critical
points belong to the attracting basin of the point at infinity.

Theorem 3.2. Let f be a polynomial of degree d > 2.
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o If all finite critical points of f belong to the attracting basin A(oco), then the
Julia set J(f) is totally disconnected and correspond with the filled-in Julia
set K(f). Furthermore f : J(f) — J(f) is topologically conjugate to the
shift map o : Xg — Xq.

e Both J(f) and K(f) are connected if and only if all finite critical points of
f belong to K(f).

Definition 3.3. The triple (f,U, V) is a polynomial-like map of degree d if U and
V are bounded simply connected domains such that U ¢ V and f: U — V is a
holomorphic proper map of degree d. The filled-in Julia set K(f) of a polynomial-
like map (f,U, V) is defined as

K(f) ={z€U:{f"()}3Z, c U}.
Definition 3.4. For a compact subset A in C and a positive number 4§, let A[J]

be the d-neighborhood of A. For compact subsets A and B in C, we define the
Hausdorff metric dg as

dy(A,B) =inf {0 : A C B[d] and B C A[d]}.
Situation. Let f be a quartic polynomial and let ¢;, ¢o and c3 be finite critical
points of f. Besides let GG be the Green’s function associated with the filled-in Julia
set K(f). We assume that G(c¢;) = G(cz) = 0 and G(e3) > 0, namely ¢; and ¢y
belong to K(f) and c3 belongs to A(co).

Let U be the bounded component of C\ G™*(G(f(c3))). We assume that Uy
and Up are the different bounded components of C\ G (G(c3)) such that ¢; € Uy
and ¢ € Ug. Then U, and Up are proper subsets of U. Furthermore (f|y,,Ua, U)
and (f|y,,Up,U) are polynomial-like maps of degree two. We set f; = f|y, and
fo= flug-

C\ G YG(f(c
fen) \GTHG(f(e3)

FIGURE 3. Polynomial-like maps (f1,U4,U) and (f2, Up, U).
Under this situation, we define the A-B kneading sequence (ay,)n>o of ¢; as

o — A if fn(Cl) < UA,
"B if f¢) € Us.
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We assume that the A-B kneading sequence of ¢; is (AAA - - -) and the A-B knead-
ing sequence of ¢y is (BBB - --). This implies that K(f;) and K(f2) are connected.

Let K(f)* be the set of all components of K(f). Since G(c3) > 0, the Julia set
J(f) and the filled-in Julia set K(f) are disconnected and have uncountably many
components respectively. Therefore K(f)* is an uncountable set and becomes a
metric space with the Hausdorff metric dgy. We define a map F : K(f)* — K(f)*
as FI(K) = f(K) for K € K(f)*. This map F is continuous with respect to the
Hausdorff metric dg.

Let X = {1,2,3,4,A,B}¥ be the symbol space which we treat mainly in this
section. We define a subset ¥ of ¥ as follows: A point s = (s,,) belongs to ¥ if
and only if

(1) If s, = A, then s,,41 = A.

(2) If s,, = B, then s,,,1 = B.

(3) If s, = A and s,,_1 # A, then s, 1 = 3 or 4.

(4) If s, =B and s,,_1 # B, then s,,_; =1 or 2.

b)) If s € ¥y = {1,2,3,4}*, then there exist subsequences (Snk))2; and
(Sp)izy such that s,y = 1 or 2 for all k > 1 and s,y = 3 or 4 for all
[>1.

It is the first goal of this section to prove the following theorem.

Theorem 3.5. Let f be a quartic polynomial. We assume that its finite critical
points c1,co € K(f) and c5 € A(o0) are all different and assume that J(f) is dis-
connected but not totally disconnected. Moreover we assume that the A-B kneading
sequence of ¢; is (AAA---) and the A-B kneading sequence of ¢y is (BBB---).
Then there ezists a homeomorphism A : K(f)* — X such that Ao FF' =g o A.

Remark 3.6. The property (5) of ¥ is essential. For instance, a sequence

s™ =(1,1,...,1,B,B,B,...)
——
n-times n=1

in ¥ converges to s = (1,1,1,...) but s is not in ¥. Each s corresponds to
a component of backward iterated images of the filled-in Julia set K(f2). These
backward components converge to a repelling fixed point in 0K (f;). Therefore
we can consider that the point s = (1,1,1,...) corresponds to the repelling fixed
point. However the fixed point is not a component of K (f). Similarly a sequence
like (1,2,1,2,...) corresponds to a periodic point of period two in 0K (f1).

In the case of other critical configurations, we obtain similar results to Theorem
3.5 (see the subsection 3.3).

Theorem 3.7. Let f be a quartic polynomial. We assume that its finite critical
points c1,c2 and cg satisfy that G(c1) = 0, G(c3) > G(ca) > 0 and f"(c2) # c3
for all n > 0 and assume that J(f) is disconnected but not totally disconnected.
Moreover we assume that the kneading sequence of ¢; is (CCC'---). Then there
exist a subset ¥ of 35 = {1,2,3,4,C}* and a homeomorphism A : K(f)* — X
such that Ao F = oo A.



40 K. KATAGATA

FIGURE 4. The filled-in Julia set of f(z) = 2 +c¢23—(3¢/2+2)2?+2,
where ¢ = 0.594618 — 0.017361:. Its finite critical points are
—1.445963 + 0.0130214 and 1 in K(f) and 0 in A(c0).

Theorem 3.8. Let f be a quartic polynomial. We assume that its finite critical
points c1,co and cz satisfy that ¢y = co, ¢1 € K(f) and c3 € A(co) and assume
that J(f) is disconnected but not totally disconnected. Moreover we assume that
the kneading sequence of ¢; is (BBB---). Then there ezist a subset 3 of X5 =
{1,2,3,4,B}* and a homeomorphism A : K(f)* — ¥ such that Ao F = oo A.

Figure 4 is an example of the situation described in Theorem 3.5. The biggest
component of the left-hand side in Figure 4 is like the filled-in Julia set of some
polynomial of degree two, and the biggest component of the right-hand side is also
like the filled-in Julia set of some polynomial of degree two. In fact, these are the
filled-in Julia sets of polynomial-like maps of degree two. Therefore we can consider
that the quartic polynomial in this example is constructed from two polynomials
of degree two. In general, we can consider that a quartic polynomial which satis-
fies the assumption of Theorem 3.5 is constricted from two polynomials of degree
two. Under this consideration, we conjecture that the Julia set of the quartic poly-
nomial is homeomorphic to that of some polynomial semigroup generated by two
polynomials of degree two. This conjecture is actually correct.

Theorem 3.9. Under the assumption of Theorem 3.5, there exist polynomials g
and go of degree two and a homeomorphism h on K(f) such that

h(J(f)) = J(G),
where G = (g1, g2) is a polynomial semigroup.
Similarly we obtain a similar result to Theorem 3.9.

Theorem 3.10. Under the assumption of Theorem 3.7 or Theorem 3.8, there exist
a polynomial semigroup G and a homeomorphism h on K(f) such that

h(J(f)) = J(G).
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F1GURE 5. Enlargements of some parts of Figure 4. The biggest
component of the left figure contains —1.445963 + 0.0130217 and the
biggest component of the right figure contains 1.

FIGURE 6. The filled-in Julia sets of f.(z) = 2% + ¢, where ¢ =
—0.124444 + 0.711111 (left) and ¢ = —1.051111 + 0.060000i (right).

3.2. Filled-in Julia sets and symbol spaces.

Let W be the unbounded component of C\ G~(G(c3)). Its boundary OW contains
c3. Then a conformal map ¥ with the following properties exists: There exists
r > 1 such that ¥ : C\ D, — W is a conformal isomorphism, where D, = {z €
C : |z| < r}. For a positive number ¢ with 0 <t <1, R(t) = V({z € C: arg(z) =
27t and |z| > r}) is called the external ray with angle ¢ for K(f).

Let R be the intersection of the external ray that passes through f(c3) and C\U.
Two of four rays f~'(R) have a limit point c3 (see Figure 7). The set U~ (f~1(R))
consists of four half-lines extended from 0D, with adjacent angles 7/2 (see Figure
8). There are three invariant half-lines extended from the unit circle under the
map z — 2% and their angles are 0,1/3 and 2/3. At least two of three invariant
half-lines do not overlap with W=!(f~1(R)). Let R; be the intersection of one of
these invariant half-lines and C \ D,. Let R; be the image of ﬁl under ¥. We
extend R; to become the invariant ray under f. Let Ry be a component of f~(Ry)
which satisfies that Ry N Ry # 0. Then R; C Ry and f maps Jy = Ry \ R; onto
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FIGURE 7. Some external rays. Dashed lines are f~(R).

Ji = R; N U. Inductively, let R_,, be a component of f *1(R_(n_1)) which satisfies

that R_,_)NR_, # (). Then R_¢,—1y C R, and f maps J_, onto J_(,_1), where
g — R_,\ R_(—y) if n>0,

" \RiNTU if n=—1.

The limit of this construction is the f-invariant ray

Ry = [_OJOR” =R U (an)

Lemma 3.11 ([43, Lemma 5.2]). Let F' be a rational map and let X denote the
closure of the union of the postcritical set and possible rotation domains of F. If
v (=00,0] = C\ X is a curve with

for all positive integers k, then the limit

lim ~(t)

t——o00

exists and is a repelling or parabolic periodic point of F whose period divides n.
We can apply Lemma 3.11 to Ry \ Ry = .~ J_n, setting ~ such that
V(=(k+1),—k] = J_

for all positive integers k. Therefore R, lands at a repelling or parabolic fixed point
of f. If Ry lands at a point on K(f;), then we describe R, with R4;. Similarly
if Ry lands at a point on K(fy), then we describe R, with Rp;. If the angle
of Ry and f~1(R) is taken into consideration, we can obtain both R4, and Rp;
by choosing R, well. Let Ry and Rpy be components of f Y (Ra1) and f~'(Rp1)
which satisfy that Ras N Uy # 0 and Rpo N Up # 0 and differ from R4, and Rp;
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2
3

FIGURE 8. Solid lines are invariant under z — 2* and dashed lines
are V1(f71(R)).

respectively. We set V4 = U \ (K(f1) URA1) and Vg = U \ (K(f2) U Rp1). Let I,
I,, I3 and I, be inverse branches of f~! such that

L Vy— U, Iy:Vy— U,

I3 : Vg — Us, 1y: Vg — Uy,
where U; and Uy are components of Ug \ (K (f1) U Ra; U Ra2). Similarly Us and

U, are components of Uy \ (K(f2) U Rp1 U Rpa).
We define a map A : K(f)* — X as follows: For K in K(f)*,

i if fM(K) CU,
A, = A i fM(K) = K(f1),
B if f"(K)=K(f),
where 1 =1,2,3,4 and n > 0.
Lemma 3.12. The map A : K(f)* — X is continuous.

Proof. For any positive number ¢, there exists a positive integer N such that 1/2V <
e. We take K € K(f)* arbitrarily and set s = A(K) = (so,51,-.-,Sn,...). We
consider the case that s € ¥ N ¥, first. By the continuity of f, there exist positive
numbers dy, ...,y such that f*(K[6]) C U, for k = 1,2,...,N. Let § be the
minimum value of §z. Then f*(K|[0]) C U, for k = 1,2,...,N. Any component
K' of K(f) with dy(K,K’) < § satisfies that K’ C K[0] by the definition of
the Hausdorff metric. Moreover any component K’ C K|[d] of K(f) satisfies that
A(K") = (50,81, 58N, tN11,--.). Therefore if any component K’ of K (f) satisfies
that dy (K, K') < 0, then

pAR), AR = 3 2 s Ll L

k=N+1 k=N+1
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R
FIGURE 9. Inverse branches of f~1.

If s, =Aand s, 1 # Aors, =B and s, ; # B, then s is an isolated point in
Y. Since the corresponding K is also an isolated point in K(f)*, the map A is
continuous at K. 0

We define a map A : & — K(f)* as follows: For s = (s,) in %, if s, = A and
Sn—1 # A, then we define A(s) as

A<8) = [80 00 [Snfl <K<f1)) :
If s, = B and s,_; # B, then we define A(s) as
K(S) = Iso 00 ‘[Snfl <K<f2)) :

If s belongs to ¥4, then there exists a subsequence (sn(l))fil such that s, =1 or
2 and sp@)-1 = 3 or 4. We set K = Isyo0--- Ofsnm_l(UA) and then K > K™Y,
We define K(s) as

e}
A(s) = (KD,
=1
The set (2, K% is a one-point set since each [, decreases the Poincaré distance
on V4 or Vp.

Remark 3.13. We check that I, decreases the Poincaré distance on V4 or V. For
x and y in Vy, let v be the Poincaré geodesic from x to y in V4 . Then there exists
a constant ¢ < 1 such that

/ dsy, < c/ dsy,,
Ii(v) Ii(v)

where dsy, and dsy, are the Poincaré metrics on Vy and U respectively. Let +' be
the Poincaré geodesic from Iy (x) to [;(y) in V4. Then

disty, (L (2), [ () = / dsy, < / dsv,.

v Ii(v)
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where disty, is the Poincaré distance on V4. Since [; is conformal,

/ dsy, = /]f(dsUl) = /dsVA = disty, (z,y).
L) gl g

Consequently we obtain that

disty, (I1(z), 1 (y)) < c¢-disty, (z,y).

Therefore I; decreases the Poincaré distance on V. Similarly we can show that I,
I3 and I, decrease the Poincaré distance on V), or Vp.

Lemma 3.14. The map A is the inverse map of A.

Proof. We show that AoA and Ao A are the identity maps. Let s = (sq, s1, S, - - )
be a point in X. If s,, = A and s,_; # A, then A(s) = I;,0---0l, (K(f1)). B
definition of A, we obtain that

kE/xn o ]Sko'” Sn 1( (fl)) sk 1f0§k§n_17
f (A(S))_{K(fl) it n< k.

ThereforeN[A(K(s))]k — sy and A o A(s) = s. Similarly if s, = B and s,_1 # B,
then A o A(s) = s. If s belongs to ¥4, then

() = (Y0 < (ot <o
=1
Therefore [A(A(s))]e = si and Ao A(s) = s. Consequently A o A is the identity
map on Y. It is clear that A o A is the identity map on K (f)*. O

Lemma 3.15. The map A™' : & — K(f)* is continuous.

Proof. For any s = (50,51,32,.. )inY, weset K = A71(s). If s, = Aand s, # A,
then K = I, 0---0l,, (K(f1)). Since K is an isolated pomt in K(f)*, A= is
continuous at s. S1m11arly if s, = B and s,,_; # B, then A~! is continuous at s.
We take a positive number ¢ arbitrarily. If s belongs to ¥4, then

— ﬁ KV
=1

Since K" > K™ and A~!(s) is a one-point set, there exists [y > 1 such that
A Y(s) € KW) ¢ A71(s)[e).
We set § = 1/2"0)~1 and consider a point  in ¥ with p(s,t) < §. Then
t= (80,815 Snyg—1s Smyys by 415 -+ +)-
By definition of A™!(¢), if ¢ belongs to X \ X4, then
At € KU ¢ A7 (s)fe].
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If ¢ belongs to >4, then

ANy = () &
=1
In this case, it is clear that Kt(l) = KV for 1 = 1,2,...,lp. Therefore we obtain
that
ANt € K) ¢ A71(s)]e).
Since A7!(s) is a one-point set, for a point ¢ in X with p(s,t) < 6,
dir(A™(s), A7 (1)) = inf{e’ : AH(t) C A™Y(s)[¢]} < e.
Therefore A=! is continuous at s. O

Lemma 3.16. Two maps F' and o are topologically conjugate via the homeomor-
phism A, namely Ao F = oo A.

Proof. For a point K in K(f)*, we set A(K) = (so, $1,52,...). Then 0o A(K) =
(s1,82,...). On the other hand, A o F(K) = A(f(K)) = (s1,S2,...). Therefore
AoF =00A. U

We have completed the proof of Theorem 3.5.

3.3. Other critical configurations.

For a quartic polynomial, the following two cases are also considered. We can
similarly show Theorems 3.7 and 3.8. We assume that the Julia set is disconnected
but not totally disconnected.

Case 1. Let f be a quartic polynomial and let ¢, co and c3 be finite critical points
of f. We assume that G(c;) = 0 and G(c3) > G(c2) > 0, namely ¢; belongs to
K(f) and ¢y and ¢z belong to A(co). Moreover we assume that f"(c2) # ¢ for all
n > 0.

Let U be the bounded component of C\ G7(G(f(c2))). We assume that Uag,
Up and Ug are the different bounded components of C\ G7'(G(cq)) such that
¢1 € Uc. Then Uy, Up and U are proper subsets of U. Furthermore (f|y,,Ua, U)
and (f|v,,Up,U) are polynomial-like maps of degree one and (f|y.,Uc,U) is a
polynomial-like map of degree two.

Under this situation, we define the kneading sequence (a,),>0 of ¢ as

A it fn(cl) S UA7
a, =4 B if f*(¢y) € Ug,
C it fe) € Ue.
We assume that the kneading sequence of ¢; is (CCC'---).
Let X5 = {1, 2, 3,4, C}* be the symbol space on five symbols. We define a subset
Y of 35 as follows: A point s = (s,,) belongs to ¥ if and only if
(1) If s,, = C, then s,,1 = C.
(2) If s, = Cand s,,_1 # C, then s,_; = 1 or 2.
(3) If s € ¥4 = {1,2,3,4}*, then there exists a subsequence (s,())z2; such that
Spky = 1 or 2 for all & > 1.
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Case 2. Let f be a quartic polynomial and let ¢, co and c3 be finite critical points
of f such that ¢; = ¢ # 3. We assume that G(c;) = 0 and G(c3) > 0, namely ¢;
belongs to K(f) and c3 belongs to A(oc0).

Let U be the bounded component of C\ G (G(f(c3))). We assume that Uy
and Up are the different bounded components of C \ G™1(G(c3)) such that ¢; €
Up. Then Uy and Up are proper subsets of U. Furthermore (f|y,,Ua,U) is a
polynomial-like map of degree one and (f|y,,Us,U) is a polynomial-like map of
degree three. We assume that the kneading sequence of ¢; is (BBB-- ).

Let X5 = {1, 2, 3,4, B} be the symbol space on five symbols. We define a subset
Y of 35 as follows: A point s = (s,,) belongs to ¥ if and only if

(1) If s,, = B, then s,,,1 = B.

(2) If s, =B and s,_1 # B, then s,,_; = 1.

(3) If s € ¥4 = {1,2,3,4}*, then there exists a subsequence (s,())z2; such that

Sn(k) = 1 for all & Z 1.

3.4. Julia sets of Polynomial Semigroups.

Definition 3.17. A rational semigroup G is a semigroup generated by a family of
non-constant rational functions {gi, g2, ..., gn, ...} defined on C. We denote this
situation by

G=1{91,92,--,Gn,---)-
A rational semigroup G is called a polynomial semigroup if each g € G is a poly-
nomial.

Definition 3.18. Let G be a rational semigroup. The Fatou set F(G) of G is
defined as

F(G) = {z € C: G is normal in a neighborhood of z}.
Its complement C \ F(G) is called the Julia set J(G) of G.

Henceforth, we prove Theorem 3.9. The following theorem on polynomial-like
maps is important.

Theorem 3.19 ([15, 36]). For every polynomial-like map (f,U, V') of degree d > 2
there exist a polynomial p of degree d, a neighborhood W of K(f) in U and a
quasiconformal map h : W — h(W) such that

(a) h(K(f)) = K(p),

(b) the complex dilatation py, of h is zero almost everywhere on K(f),

(c) hof=pohonWn f~Y{WW).
If K(f) is connected, p is unique up to conjugation by affine map.

Under the assumptions of Theorem 3.5, the triples (f1, Ua, U) and (f2, Ug, U) are
polynomial-like maps of degree two. Furthermore K(f;) and K (f5) are connected.
By Theorem 3.19, there exist polynomials g; and gy of degree two with K(g;) N
K(g2) = 0, a neighborhood Wy of K(f;) in Ua, a neighborhood W5 of K(f3) in Up
and quasiconformal maps h; on W; and hy on Wy such that hy(K(f1)) = K(g1)
and ha(K(f2)) = K(g2).
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FIGURE 10. Inverse branches of g;* and g, '.

We define inverse branches I; and I, of gi'. Since K(g1) is connected, there
exists a conformal map ¥, : C\ D — C\ K(g;) such that U, o g, o ¥ (2) = 22
The external ray Ry = ¥;({z € C: arg(z) =0 and |z| > 1}) lands at a fixed point
of g1. Let R} be the external ray which satisfies that g, (R}) = R; and differs from
R,. We replace g, so that

leK(gg) :(Z) and RllﬂK(gz) :(Z)
Then we define inverse branches I 1 and jg of g1 Las
I : C\ (K(g1) U Ry) — Uy and I : C\ (K(g1)URy) — U,

where U; and U, are components of C\ (K (g;)U Ry U Rj). Similarly, we can take
external rays Ry and R). Then we define inverse branches I3 and I, of g, ' as

I;: C\ (K(g2) URy) — Us and I, : C\ (K(go) U Rs) — Uy,

where U; and U, components of C\ (K (g2) U Ry U R)).

For a point s in ¥, we set K, = A~'(s) and J, = K. Then K, is a component
of K(f) and Js is a component of J(f). For a point s = (sq, 1, S2,...) in 2\ X4, we
define a quasiconformal map h, on a neighborhood of K. Let n be a non-negative
number with s,, = A and s,,_; # A or s,, = B and s,_; # B. Then h; is defined on
Wy=1I,,0---0l, (W) as

1 ifs, =A and s, 1 # A,
2 ifs,=Bands, 1 #B.

hs =15, 0---0l, ,oh;o f" where i:{

o

We set K, = hs(Ks), J, = 0K, and G = (g1, g2). If necessary, we replace g; and
g2 so that each K, is disjoint. Since J. = 0K, = hs(0K,) = hs(Js) and J(G) is
backward invariant, hs maps J, onto a component J; of .J (G). By definition, it is
clear that h(A,A,A,...) = hl and h(B,B,B,...) = hg.
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Next, we define a homeomorphism

h: UKS—> UI?S

862\24 862\24

as h

K, = hs.

Remark 3.20. For a point s = (sg, $1, Sg,...) in 3 N Xy, a one-point component K
of K(f) is characterized by using the Hausdorff topology. We set

J) _ (80,8155 8n—1,A,AA,...) if s, 1 =3 or4,
(80,815 +-580-1,B,B,B,...) ifs, 1 =1o0r2.

Then the sequence {t™}>° | belongs to ¥\ ¥, and ™ — s as n — co. Since A~}
is continuous,

K,=A"Y(s) = lim A*l(ﬂ")) = lim K.

n—oo n—oo

Finally, we extend h homeomorphically on K(f) = [,y K. For a point s in
¥ N3y, we define K = h(Kj) as

h(Ks) = lim (Kt(n)).

n—oo

Then h is a homeomorphism between K (f) = J ey, K and |J, 5, K,.

Lemma 3.21. The Julia set J(G) corresponds with the boundary of | Jes, K,.
Proof. Lemma 3.21 follows from the following.

Lemma 3.22 ([22]). If z belongs to J(G) \ E(G), then

where O~ (2) = {w € C : there exists g € G such that g(w) = z} is the back-

ward orbit of z and E(G) = {z € C : O~ (z) contains at most two points} is the
exceptional set of G.

By Lemma 3.22,

a(U&) ~Yok,=UJ= U L=Je

SEX SEX sEX s€X\3y

We have completed the proof of Theorem 3.9.
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3.5. Topologies of the symbol space.

Theorem 3.5 means that componentwise dynamics of f on K(f) can be simplified
as dynamics of the shift map on 3. The space (X, p) is not compact as the following
example shows. The sequence

s™ =(1,1,...,1,B,B,B,...)
——
n-times n=0

in ¥ converges to s = (1,1,1,...) but s is not in 3. Since (X, p) is not compact,
although the dynamical system (K (f)*, F') is conjugate to (3, o) by Theorem 3.5,
many good properties of the symbolic dynamical system are not available. So we
impose a question: Is it possible to introduce a new topology on ¥ which makes X
compact and reflects the dynamical system (K (f)*, F)) in a natural way? In this
subsection, we answer this question.

Theorem 3.23. There exists a topology O of % such that (X,0) is compact,
metrizable, perfect and totally disconnected. Moreover the shift map o : (3,0) —
(33, 0) is continuous.

Regarding A in Theorem 3.5 just as a bijection between the sets K(f)* and X,
we define G to be the quotient topology of K (f)* relative to A~! and the topology
O of ¥ as in Theorem 3.23. Then A : (K(f)*,G) — (2,0) is a homeomorphism
such that Ao F = oo A.

Corollary 3.24. The topological space (K(f)*,G) is compact, metrizable, perfect
and totally disconnected. Moreover F: (K(f)*,G) — (K(f)*,G) is continuous.

Known results in general topology.
We introduce some definitions and results in general topology. We refer to [29] and
[37]. Let X be a topological space.

Definition 3.25. The topological space X is sequentially compact if every sequence
of points of X contains a convergent subsequence. The topological space X is
countably compact if every countable open covering of X has a finite subcovering.
The topological space X is a Lindeldf space if every open covering of X has a
countable subcovering.

Theorem 3.26. If X is sequentially compact, then X is countably compact.

Theorem 3.27. If X satisfies the second axiom of countability, then X is a Lin-
delof space.

Theorem 3.28. The topological space X is compact if and only if X is a countably
compact Lindelof space.

Definition 3.29. The topological space X is a T}-space if for any distinct points
x and y in X, there exists an open neighborhood U of x such that y ¢ U. The
topological space X is a Ty-space or a Hausdorff space if for any distinct points x
and y in X, there exist open neighborhoods U of  and V of y such that UNV = .
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Definition 3.30. A Ti-space X is a reqular space if for any z in X and any closed
set L with x ¢ L, there exists open neighborhoods U of x and V of L such that
unv=40.

Definition 3.31. A Tj-space X is a normal space if for any closed sets A and B
of X with AN B = (), there exists open neighborhoods U of A and V' of B such
that UNV = 0.

Theorem 3.32. Fach compact Hausdorff space is normal.

Theorem 3.33. The topological space X satisfying the second axiom of countability
1s metrizable if and only if X is a reqular space.

Definition 3.34. The topological space X is a 0-dimensional space if there exists
an open basis B of X such that every B € B is open and closed.

Theorem 3.35. Let X be a compact Hausdorff space. The topological space X is
a 0-dimensional space if and only if X is totally disconnected.

Another topology of the symbol space.
We define a topology of . Let k be a non-negative integer. If s = (A,A/A,...)

belongs to X, then we define a subset NP of © as
N® ={slu{t=(t,) €X:t,=1o0r2forn <k}.
Similarly, if s = (B, B, B,...) belongs to 3, then
N® =fsyu{t=(t,) € :t,=3ordforn<k}.
If s = (s0,...,5,A,A A, ...) belongs to ¥ with s; # A, then
] <
N® = {51 U {t = (t,) €X:t, = {inor 5 i 7;1l,§ . for n < k} :
Similarly, if s = (sg,...,s;,B,B,B,...) belongs to ¥ with s; # B, then
Sy, ifn <lI,
N§k):{s}u{t:(tn)62:tn: {301“4 Hl1<n forngk}.
Finally, if s = (s,,) belongs to X N X4,
N® ={t=(t,)eX:t, =s, forn <k}.

Then it holds that N*™" ¢ N for all s € & and k > 0. Let N(s) = {NM e
and let N = {N(s) : s € B}

Lemma 3.36. The set N is a neighborhood system of .

Proof. Let s be a point in 3.
(i) If N € N(s), then s € N.
(ii) For N; and Ny in N (s), there exist non-negative integers k; and ks such
that Ny = N and Ny = N*). Let Ny = N, where k > max{ki, k»}.
Then N5 € N(S) and N3 C N1 N Ns.
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(iii) For N in N (s), there exists k > 0 such that N = N¥. For t € N, we set
N’ =N®_ Then N’ € N(t) and N’ C N.
Therefore N is a neighborhood system of . 0

Then (X, 0) is a topological space, where O is the topology generated by N.
We obtain immediately the following lemmas.

Lemma 3.37. The topological space (¥, O) satisfies the first axiom of countability.
Proof. We choose a neighborhood basis of s € ¥ as N (s). O
Lemma 3.38. The topological space (2, 0) is a Hausdorff space.

Proof. For distinct points s = (s,,) and ¢ = (t,) in X, there exist & > 0 such that
sp £ tr. Let M = N¥ € N(s) and let N = N € N(t). Then MNN =0. O
Lemma 3.39. The topological space (¥, 0) is perfect.

Proof. For any s in ¥ and any neighborhood O € O of s, there exists N € N (s)
such that N C O. Tt is clear that (O \ {s})NX D (N \ {s})NX # 0. O

We show that (X, Q) is compact. By Theorems 3.26, 3.27 and 3.28, we need
only to show that (3, O) is sequentially compact and satisfies the second axiom of
countability.

Lemma 3.40. The topological space (%, 0) is sequentially compact.

Proof. Let {s®) = (s,(f))}zil C ¥. We choose a subsequence {s{*}2° , as follows:

)

Step 0. There exists a subsequence {s*)} such that s(()kl = 5o for [ > 1, where

so=1,2,3 or 4. Let 5% be one of s¢). Then s = (s, 3§0>, 3§0>, ...). We rewrite
s(kl) as S(k)
Step 1. There exists a subsequence {s*)} such that sgkl) = 51 for [ > 1, where

s; = 1,2,3 or 4. Let s be one of s®). Then s = (so,sl,sgn,sén,...). We
rewrite s as s,

Step a. Inductively, we can choose 5% = (s, . .., Sq, sgﬁl, sngQ, cl).

Let s = (so,81,82...). If s € 3, then for a neighborhood O € O of s, there exists

N = N € N(s) such that N C O. If & > ay, then s € N C O. Therefore
s converges to s with respect to O. If s ¢ ¥, then there exists a unique 3 > 0
such that

(i) spg-1 =3 or4dand s, =1 or 2 for § < n,
(ii) sg_1 =1or 2 and s, =3 or 4 for § < n.
If (i) is the case, let

L JAAA L) if =0,
) (s, 88-1, AAA L) iE B>

If (ii) is the case, let

#_(&BBPH) if 5=0,
1 (so,...,55-1,B,B,B,...) if g >1.
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Then we can prove that s{* converges to t with respect to O by the same argument.
Therefore (X, O) is sequentially compact. O

Lemma 3.41. The topological space (2, O) satisfies the second axiom of countabil-
1ty.
Proof. Let
B= U N(s).
SEX\Xy

First we show that B is an open basis of (X,0). It is clear that B C O. Let
O €O ands=(s,)€0.IfseX\X,, then there exists M € N(s) C B such that

s € M C O by the definition of O. If s € ¥ Ny, then there exists N = N e N(s)
such that s € N C O by the definition of O. However we do not know yet whether
N € B at this stage. Let t = (Sg,..., Sk, ter1, tero,---) € NN (X \ Xy) and let

M = Nt(k). Then M € B and, in fact, M = N. Therefore s € M = N C O.
Consequently B is an open basis of (X, Q). The countability of B follows from that
of ¥\ ¥y and N (s). O

We obtain the following lemma by Lemmas 3.40 and 3.41.
Lemma 3.42. The topological space (X, 0) is compact.

By Theorem 3.32, (X, O) is normal, in particular (X, O) is regular. Therefore we
obtain the following lemma by Theorem 3.33.

Lemma 3.43. The topological space (2, O) is metrizable.

Next, we show that (X2, Q) is totally disconnected. By Theorem 3.35, we need
only to show that (3, Q) is a 0-dimensional space.

Lemma 3.44. Let s € ¥\ ¥,.

(i) If s = (A,A,A,...) or s = (B,B,B,...), then N® s open and closed for
k> 0.

(i) If s = (s0,---, 8, A,A A, ...) with sy # A or s = (sg,...,5,B,B,B,...)
with s; # B, then N® s open and closed for k > 1+ 1.

Proof. (i) Let s = (A,AA,...). We show that N¥ is closed. Let M = % \ NP,
For a point t = (t,) in M, there exists a < k such that t, # 1 or 2. In the case
of “B”, there exists a < k such that ¢, # 3 or 4. Then NP A Nt(a) = () and

Nt(a) C M. Therefore M is open and N is closed. The proof of (ii) is similar to
that of (i). O

For s = (A,A/A...) or s = (B,B,B...), we set N'(s) = N(s). For s =
(soy---y s, A,AJA ...) with s # Aor s = (sg,...,5,B,B,B,...) with s; # B,
we set N7(s) = {N¥ . k> 1+ 1}. Let

Bo | V).

862\24
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Lemma 3.45. The set B’ is an open basis of (X, 0).
Proof. The proof is smiler to that of Lemma 3.41. U

By Lemmas 3.44 and 3.45, (X, O) is a O-dimensional space. Therefore we obtain
the following lemma by Theorem 3.35.

Lemma 3.46. The topological space (¥, 0) is totally disconnected.
Finally, we show the following lemma.
Lemma 3.47. The shift map o : (£,0) — (2,0) is continuous.

Proof. Let s = (sg,81,82,...) € X. For a neighborhood O € O of o(s) =
(s1,82,...), there exists N = Nil(cz) € N(o(s)) such that N C O. We take a neigh-

borhood M = N¥V of 5. Then o(M) = N C O. Therefore o : (2,0) — (2, 0)
is continuous. O

We have completed the proof of Theorem 3.23.

Applications.
The following two theorems are fundamental. See Section 77.

Theorem 3.48. Let g be a rational function of degree greater than one. If z belongs
to J(g), then

J(9) = Jg 7).

Theorem 3.49. Let g be a rational function of degree greater than one. Then

J(g) = {repelling periodic point of g}.
We obtain analogies of Theorems 3.48 and 3.49.
Theorem 3.50. Let (X,0) be as in Theorem 3.23 and let s be a point in X. Then

== Jo "),
k=1
where the closure is taken in (X, 0).
Proof. Let s = (sg, S1, S2,...) € ¥ and let

lLor2 ifsy#A,
u =
3ord ifsy#B.

Then (u, g, 1, S2,...) € 0 (s). For a point t = (A,A,A,...) in 3, we consider
the sequence

o)

@ =1 1 ) o™
S yee ey Ly Uy S0y STy e C o (S)
k=1

a-times a=1
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Then s(* converges to t = (AJA A, ...) with respect to O. Next, for a point
t = (to,t1,...,t;, A,AA,...) in ¥ with t; # A, we consider the sequence
(o) —k
sY = (tg,...,t;,1,...,1,u,Sg,51,... C o "(s).
(to ! 05 51 ) U (s)
a-times a=1 k=1
Then 5(®) converges to t = (to,t1,...,t, A, A A,...) with respect to O. In the case

of “B”, we choose “3” instead of “1”. Finally, for a point ¢ = (to,t1,ts,...) in
>N X4, we consider the sequence

{S(a) = (to,t1, ... ta, U, So, S1, 2, - - . )}Zozl - U a*k(s).
k=1

Then s® converges to t = (to,t1,ta,...) with respect to O. O

Remark 3.51. The closure of the backward orbit of s € ¥ under o does not neces-
sarily coincide with ¥ in (3, p). For example,

(AAA .. ¢ Jo*((B,B,B,...)),

where the closure is taken in (X, p).

Corollary 3.52. Let (K(f)*,G) be as in Corollary 3.24 and let K € K(f)*. Then

K(f) = FH*EK),

where the closure is taken in (K (f)*,G).
Theorem 3.53. Let (X,0) be as in Theorem 3.23. Then

Y. = {periodic point of ¢ in X},
where the closure is taken in (X, O).

Proof. We show that each non-periodic point ¢ in ¥ is a limit point of a sequence
of periodic points of X. For a point t = (to, t1,...,t, A,AJA,...) in ¥ with ¢; # A,
we consider the sequence

s = (to, by, ...t 1,1, 1, bty ot 1,1 1)
N—— ——
a-times a-times a=1

of period o + [ + 1. Then 5% converges to t = (to,t1,...,t;, A,A A ...) with
respect to O. In the case of “B”, we choose “3” instead of “1”. For a non-periodic
point t = (tg, t1,1ts,...) in ¥ N Xy, we consider the sequence

[e.e]

{S(a) = (t07t17'"7ta7t07t17""to“'")}QZﬁ

of period o + 1, where /3 is a positive integer which satisfies s¢¥) € ¥. Then s(®
converges to t = (to, t1,ts,...) with respect to O. O
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Remark 3.54. The closure of the set of all periodic points of > does not coincide
with ¥ in (X, p) since t = (to, t1,...,t, A,A A, ...) with ¢; # A is an isolated point
in (X, p).
Corollary 3.55. Let (K(f)*,G) be as in Corollary 3.24. Then

K(f)" = {periodic point of F in K(f)*},
where the closure is taken in (K(f)*,G).
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