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ABSTRACT. We develop a theory of Kuramochi boundary on an infinite net-
work. The discrete Laplacian and the Dirichlet sum in the discrete potential
theory on an infinite network play an important role in our study.

1. INTRODUCTION AND PRELIMINARIES

The theory of Kuramochi boundary on Riemann surfaces due to [10] has been
developed analogous as in the case of Martin boundary (cf. [5]). We study
a discrete analogy of the theory of Kuramochi boundary on Riemann surfaces,
regarding an infinite network as a Riemann surface. We take the same line as in
the discrete potential theory in [11], [12] and [13] in the sense that the discrete
Laplacian and the Dirichlet sum play the role of the Laplacian and the Dirichlet
integral. In order to emphasize the analogy to the continuous case, the contents
of this paper are arranged parallel to those of the paper [10] of M. Ohtsuka. For
notation and terminology concerning the infinite network, we mainly follow [7]
and [12].

Let N = {X,Y, K,r} be an infinite network which is connected, locally finite
and has no self-loop. Here X is the countable set of nodes, Y is the countable
set of arcs, K is the node-arc incidence function (matrix) and r is a positive real
valued function on Y. For each y € Y, denote by e(y) the extremities of y, i.e.,

e(y) = {z € X; K(z,y) #0}.
For each a € X, let Y (a) be the set of arcs which are incident to node a:
Y(a) :={y eY; K(a,y) # 0}

The geodesic distance p(a,b) between two nodes a and b is the number of arcs
in the shortest path joining a and b. Let us put

X(a) ={x € X;pla,x) <1}, Wi(a):={z € X;p(a,z) =1}.
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58 A. MURAKAMI AND M. YAMASAKI

It is clear that
X(a) =U{e(y); y € Y(a)} and W(a) = X(a) \ {a}.

An exhaustion { N, }(N,, = < X,,,Y,, >) of N is the sequence of finite subnetworks
N,, such that X (x) C X,,4q forall z € X,,, Y,, C Y,,1; and

We say that a subset A of X which contains more than or equal to two nodes
is connected if, for every distinct nodes a,b € A, there exists a path P from a
to b such that the set of nodes on P is a subset of A. For a subset A of X, the
components of X \ A are defined as the maximal connected subsets of X \ A, in
case X \ A is not connected.

Denote by L(X) the set of all real valued functions on X and by L (X) the

set of all non-negative real valued functions on X. We use the notation L(Y)
similarly. The support Sy of a function f € L(X) is defined by

Sy ={x e X; f(z) # 0}.

Denote by Lo(X) the set of all f € L(X) with finite support.

For a subset A of X, let €4 be the characteristic function of A. In case A = {a},
we simply set g, := £¢,}.We often identify ¢, with the unit point measure &, at
a. In this way, we identify a function p € L™ (X) with the measure

p= Zan (a)é
and call the quantity
() =Y ula)

the total mass of . Conversely, a measure on X is identified with a function
which belongs to L*(X).

The discrete derivative du € L(Y') of u € L(X) and the Dirichlet mutual sum
D(u,v) of u,v € L(X) are defined by

du(y) == —r(y)~' > _ Kz y)u(z).

D(u,v) =3 _, r(®)ldu(y)][dv(y)]-

We set D(u) := D(u,u) and call it the Dirichlet sum of u. Denote by D(N) the
set of all u € L(X) with finite Dirichlet sum:

D(N) :={u € L(X); D(u) < co}.
The discrete Laplacian Au € L(X) of u € L(X) is defined by
Au(w) = Y, K(e,y)ldu(y))
We have
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Lemma 1.1. Let u, f € L(X). Then the discrete Dirichlet integral formula:

D(u, f) ==, _[Du(@)]f(z)

holds if any one of the following conditions holds:
(1)  f € Lo(X) orue Ly(X);
(2)  du€ Ly(Y)

Proof. For w € L(Y), put
dw(a) =Y, K(x.ywly).
Then Au = J[du]. Observe that the relation

D ey V@Ow() = =3 r(y)ldv(y)lw(y)

holds if v € Lo(X) or w € Lo(Y'). In fact, in these cases, the order of summation
can be interchanged, since N is locally finite. [

Corollary 1.1. D(u,e,) = —Au(a) for every a € X.

To rewrite Awu in a more familiar form, we introduce c(z, z) for z,z € X,z # z
and c(x) for x € X as follows:

clz.z) = 3 1) K@ y)K(zy)l,
c(z) = 3 ) K@)l

For simplicity, we set ¢(z,z) := 0. Clearly, ¢(z,2) = ¢(z,z) and c(z,z) = 0 for
all z € X \ W(x). Recall that c(x) is the total conductance at z, i.e.,

c(x) = ZZEX c(x,z) = Zzew(x) oz, z).
We have
Au(r) = —c(x)u(r) + ZZEX c(x, z)u(z).

Remark 1.1. Let uj,us € L(X) and u; < ug on X. If ui(ag) = uz(ayp), then
the inequality Auy(ag) < Aug(ag) holds.

Definition 1.1. We say that a function u € L(X) is harmonic (resp. superhar-
monic) on a subset A of X if Au(z) =0 (resp. Au(x) <0) for all z € A.

Now we give the framework of this paper. We always fix a node xy and
set Xo = X \ {ao}. The operation ¢, defined in §2 with a finite subset A
of Xo and a ¢ € L(X) plays a fundamental role in our study. The discrete
Kuramochi function g, is defined in §3 as in [7] with the aid of 1y,,. Taking the
Kuramochi function as a potential kernel, we define the Kuramochi potential Gy
of a non-negative function p on Xy. In §4, we introduce an SHS function (or full
superharmonic function) as a non-negative real valued function v on X which
satisfies v4 < v for every finite subset A of Xy;. We say that an SHS function
is an HS function if it is harmonic on X,;. The main result in S 4 is a Riesz
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decomposition theorem which assures that every SHS function is represented as
the sum of a Kuramochi potential and an HS function. In §5, the operation v’
(the reduced function of v onto X \ A) is introduced for an SHS function and a
subset A of Xy as a generalization of v4. It will be shown that v% has properties
analogous to v4. Thus except this section we use the notation v4 instead of v}.
The Kuramochi boundary of an infinite network will be introduced in §6 more in
detail than in [7]. Extending the Kuramochi kernel to the Kuramochi boundary
ON of N continuously, we study in §7 the representation of HSy function by
means of Kuramochi potential of a measure on the Kuramochi boundary. By
means of a reduced function vy of an SHS function v onto a closed subset F' of
ON, the points of ON are classified into minimal points and non-minimal points
in §8. The relation between a minimal function and a minimal point will be
given in §10. Finally, the uniqueness of the canonical representation of HSy is
proved in §11.

2. DIRICHLET PRINCIPLE

Denote by R the set of all real numbers and let ag € X be a fixed node in this
paper. We introduce the following notation:

Xo: = X \{ao}
D(N;ap) = {ue€ D(N);u(ap) =0}.

Notice that D(N; ag) is a Hilbert space with respect to the inner product (u,v) :=
D(u,v) and that ||u|| ;= [D(u)]*/? is a norm on D(N;ag). Observe that the norm
convergence on D(N;ag) implies the pointwise convergence (cf. [12]). Namely, if
Un,u € D(N;ap) and if D(u,, —u) — 0 as n — oo, then u,(x) — u(z) as n — oo
for every x € X.

Hereafter, we always assume that an exhaustion {N, }(N,, = < X,,,Y,, >) of
N satisfies the condition ag € Xj;.

For a subset A of Xy and ¢ € L(X), set

Da(p) :={u € D(N;ap);u = on A}.
The following Dirichlet principle in N is well-known (cf. [7] and [12]):

Theorem 2.1. Assume that Da(p) # (0. Then there exists a unique h € D ()
which has the minimum Dirichlet sum among the functions in Da(p). The func-
tion h is harmonic in Xo \ A and is characterized by h € Da(p) and

(2.1) (u—h,h) =0 for allu € Dy(yp).

Definition 2.1. Denote by pa the unique function h in the above theorem, i.e.,
va € Da(yp) and
D(p4) = min{D(u);u € Da(p)}.
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Corollary 2.1. (¢a, f) =0 for every f € D(N;ag) with f =0 on A.

Proof. Let f € D(N;ap) with f =0 on A. Then u = f + ¢4 € Da(p), so that
we have (f,p4) =0Dby (2.1). O

Proposition 2.1. The condition Da(p) # O holds if any one of the following
conditions is satisfied:

(1) Ais a finite subset of Xy and ¢ € L(X).

(2) Ais a subset of Xo and D(p) < oc.

We recall some properties of ¢4 studied in [7]:

Theorem 2.2. Let A and B be subsets of X such that A C B and let ¢ € L(X).
If Dp(p) # 0, then (pa)s = Pa-

Proof. By the relation D(¢) D Dg(p) # 0, ¢4 € D(N;ap) exists by Theorem
2.1, so that (p4)p exists by Proposition 2.1. Since (¢4)p € Da(p), D(pa) <

D((¢a)p). Since pa € Dp(pa), D((¢a)p) < D(pa). Hence D((pa)s) = D(pa)
and ¢4 = (pa)p by the uniqueness of p,4. O
For a subset A of Xy, put

La(X) :={p € L(X); Da(yp) # 0}.

Theorem 2.3. ¢4 is a positive linear mapping from L4(X) into D(N;ay),
i.e.,

(1) @ =0 on A if and only if p4 = 0.

(2)  The condition: ¢ > 0 on A implies that p4 >0 on X.

(3) (p+v)a=pa+a for g, € La(X)

(4)  (cp)a = cpa for v € La(X), c € R.

Proof. (1) Since ¢4 = ¢ on A, the ”if” part is clear. If ¢ = 0 on A, then
0 € Da(p) and D(pa) = 0. Since ¢4 € D(N;ap), we have ¢4 = 0.

(2)  Assume that ¢ > 0 on A. Then ¢} = max(p4,0) € Da(p), so that
D(pa) < D(¢}). By Corollary 2 of Lemma 2 in [12], we have D(p}) < D(p4).
Hence D(¢}) = D(pa) and o4 = ¢ € LT(X) by the uniqueness of ¢ 4.

(3) Let ¢ and ® satisfy Da(p) # 0 and Da(v)) # 0 and put f = ¢ + 1 and
h=¢pa+1a. Then h € Dy(f) and (h — fa, fa) = 0 by (2.1). Since h — f4 =0
on A, we have by Corollary 2.1

D(h — fa) = D(h)+ D(fa) —2(h, fa)
= (pa,h— fa)+ (a,h— fa) =0
Thus h = f4.
(4) Let ¢ € Ls(X), and let ¢ be a number and put h = (cp)4. We have
cpa € Da(cp) and cpq —h =0 on A, so that
D(cpa —h) = (cpoa — h,cpa) — (cpa — h,h) =0
by (2.1) and Corollary 2.1. Thus h = cpa. O
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Corollary 2.2. Let p, 00 € La(X). If o > on A, then pa > 14 on X.

Theorem 2.4. Let A be a finite subset of Xo. Then for each x € Xy, there
exists a unique function w% € LT (X) such that w%(z) =0 on Xy \ A and

oal@) = Y, ¢z (2)
for every ¢ € L(X).

Proof. The uniqueness of w¥ is clear. To prove the existence of w%, let © € Xj.
Since A is a finite subset of Xy. Then L4(X) = L(X) from Proposition 2.1.
Hence for each x € X, we may consider that ¢4(z) is a linear functional on
D(Nj;ag) by Theorem 2.3. By Lemma 1 in [12], there exists a constant M,
depending only on {z} such that

(2.2) lu(x)| < My[D(u)]*? for all u e D(N:;ag).
For ¢ € D(N;ag), we have by (2.1) and (2.2)
[pa(@)| < Ma[Dpa)'? < Mo [D(0)]'?,

which implies the continuity of p4 on D(N;ag). By the Riesz representation
theorem, there exists 34 € D(N;ag) such that pa(z) = (¢, 5%) for all ¢ €
D(N;ag). Put wy = —Ap%. Then by Lemma 1.1

(2.3) pal@) = (¢, 03) =X e(x)wa(2)
for every ¢ € Ly(X). For b € X;, we have by (2.3)
(2.4) 0< (e)alr) =3 an(2)wi(z) = wi(b),

e, wh € LT(X). In case b € X \ A, we have w?%(b) = 0 by (2.4) and Theorem
2.2(1), namely, Sy« C A. Therefore, it follows that

(2.5) pal) =3, e(z)wi(z)

for all ¢ € Ly(X). For ¢ € L(X), consider the function ¢ € Ly(X) defined by
v =¢on Aand ¢ =0 on X\ A. Then vy = 4 by Theorem 2.2(1),(2). Tt
follows that (2.5) holds for all ¢ € L(X). O

Remark 2.1. Notice that w} = ¢, if A is a finite subset of Xy and x € A.

Proposition 2.2. Let © € Xy and take A := W (x). Then w%(z) = c(x, z)/c(x)
for z € W(z) and wi(z) =0 for z € X \ W(z).
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Proof. Since ¢4 is harmonic on Xy \ A and ¢4(z) = p(z) on A, we have
0=Apa(x) = —cl@)palr) +3_ _ clx,2)pa(2)

= —c(@)pale) + 3, clz, 2)e(2),
so that

Therefore

Yor 2t = X el

for all ¢ € L(X). By taking ¢ = ¢, for a € A = W(x), we obtain wj(a) =
c(x,a)/c(x). O

Theorem 2.5. Let ¢ € L(X). Then
(2.2) min(0, inf{p(z2);z € A}) < pa < max(0,sup{p(z);z € A}).
Proof. Put
¢ = min(0,inf{p(z);z € A}) <0, ¢ := max(0,sup{p(z);z € A}) > 0.
We may assume that both ¢; and ¢y are finite. Define fi, fo by
fi(z) == max(pa,c1), fo(x) :=min(pa, c2).

Then f1, fo € Da(p), so that D(p4) < D(f) for k = 1,2. Noting that max(¢, ¢;)
and min(¢, cy) are contractions on R, we see that D(fx) < D(pa) for k = 1,2 by
Lemma 2 in [12]. Therefore D(f1) = D(f2) = D(¢a). By the uniqueness of @4,
we have f; = fo = w4, and hence ¢; < s <. [

Corollary 2.3. If A is a finite subset of Xy, then w%(X) <1 forx € X\ A.

Proof. By Theorem 2.5, 14(x) < 1 on X. Our assertion follows immediately
from Theorem 2.4.

Lemma 2.1. Let A be a finite subset of Xo, and let {¢r} be a sequence of func-
tions of L(X) which converges pointwise to p € L(X). Then {(pr)a} converges
uniformly to w4 as k — oo.

Proof. For any € > 0, there exists kg such that
sup{|ox(a) — p(a)[;a € A} <€
for all £ > kg, since A is a finite set. By Theorems 2.4 and 2.5, we have
(o) a(z) —pa(@)] = >, len(a) — (a)lwi(a)l
< 3 lenla) — pla)wh(a)
< ewj(A) <e

for all k£ > kg and all x € X. This completes the proof. [
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Lemma 2.2. Let ¢ € LT(X). Then oaup < wa+pp holds for any finite subsets
A, B OfX().

Proof. Put h := 4 + ¢ — paup. Then hayp = h by Theorems 2.2 and 2.3.
Since h > 0 on AU B, we have by Theorem 2.5

h(z) = haup(xz) > min{h(z);z € AUB} >0
on X. [J

3. KURAMOCHI FUNCTION

Now we introduce a discrete analogue of the Kuramochi function in the theory
of Riemann surface and study its fundamental properties as in [7] and [10].

Definition 3.1. Let a € X, and denote by 14, the function 4 when we take A
as {a} and ¢ as 1. We set

ga($) = g(:v,a) = l{a}/D(l{a})
and call it the Kuramochi function of N with pole at a € X,.

Needless to say, 1i,3 € D(N;ao) and D(144y) # 0.
The following properties are well-known (cf. [7] and [8]):

Theorem 3.1. The Kuramochi function g, has the following properties:

(1) Aga(x) = —e4(z) on Xo.

(2) 0 < go(z) < gula) < oo on the component of X, which contains a and
ga(x) = 0 on every component of Xy which does not contain a.

(3)  Ga is a reproducing kernel of D(N;ayg), i.e.,

(3.1) (Ga,u) =u(a) for every wu € D(N;ap).
(4) If f € Lo(X) and f(ap) =0, then
(3.2) F(a) = (Gar ) = =D (DS (2)]5a().

(5)  Ga(b) = gu(a) for every a,b € Xj.
(6)  Aga(ao) = 1.

We give the proof of the following theorem (Theorem 3.2 in [7]), since this is
a key result in this paper.

Theorem 3.2. Let A be a nonempty subset Xo. Then:
(1) (Ja)a = go on X if a € A.
(2) (ga)a < ga on X if A is a finite set and a ¢ A.
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Proof. For simplicity we put § = g,, h = 1o}, @ = D(1{g}) and §a = (Ja) -
Then § = h/a and g4 = ha/a by Theorem 2.3.

(1) Assume that a € A. Then hy = (1{s})a = 1{ay = h by Theorem 2.2, and
hence (Gq)a = go on X.

(2) Assume that A is a finite set and a ¢ A. Put u := §— g4 and B := AU{a}.
Then by Theorems 2.2 and 2.3

up =3p — (§a)B =0 — ga = u,

since a € B and A C B. Since u = 0 on A, Theorem 2.5 implies that u >
min(0, u(a)). Since u is superharmonic on X \ A, u cannot attain its minimum
at = a (cf. Lemma 2.1 in [13]). Hence u > 0 on X, i.e., (Go)a < goon X. O

Theorem 3.3. Let A be a nonempty finite subset of Xo. Then (§a)a(b) =
(gp)a(a) for every a,b € Xj.

Proof. By Theorem 2.4 and Theorem 3.2(1), we have
@A) = Y. dalehdi(@) = 5. Gala)i(x)
oD SR (AN EAGED SN SN RO EAE) EAC)
S G @eh @)
(92)a®)wi(z) =3 _, 5:(b)wi(2)
= D4 B(2)wi(2) = (G)ala) O
For i € L*(X), we define the g-potential G of yu by
Gulw) =" Ga(z)la).
We call G the Kuramochi potential of p if Gu € LT (X) and put
M(G) = {n € L(X); plag) = 0,Gp € LH(X)}.
Furthermore, denote by G4 the (§,)4-potential of p, i.e.,

(Gap)(x) =" (Fa)a(@)p(a).

Lemma 3.1. Let A be a finite subset of Xo. Then Gap = (Gu)a for every

we M(G).

Proof. By Theorem 3.2, G4p € L(X) for every i € M(G). We have by Theorem
2.4

(Ga)a(@) =2 _, Ga(2)wi(2)
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for every x € Xy. Therefore, we have

(Gap)(x) =

= en Gu(z)ws (=
= (Gu)a(z). O
By Theorem 3.1(1), we have
Lemma 3.2. If p € M(G), then AGu = —p on Xo. Consequently, G is

harmonic on X \ S, and superharmonic on Xj.

Lemma 3.3. Let € M(G). Then u(X) = AGu(ap).

Proof. Since Ag,(ag) =1 for all a € Xy by Theorem 3.1(6) and u(ag) = 0, we
have

AGpu(ao) =Y Adalao)u(z) = p(X). O

Corollary 3.1. u(X) < oo for every u € M(G).

Notice that another useful characterization of the Kuramochi function g was
given in [7] by using the concept of flows from ag to a € X;. Some examples of
Kuramochi functions were given there. We recall a simple one of them. Let Z7
be the set of all non-negative integers.

Example 3.1. Let X = {xy;k € ZT}Y = {yps1;k € Z7},
K(xk—lvyk) = _17 K(Ilﬁyk) =1lforke Z+7k > 17

and K (z,y) = 0 for any other pair of (z,y). Take ag = x¢ and set

Ry = Zl (y;).

For n > 1, we have g,, (xo) =0, gz, (zx) = Ry for 1 <k <n and g,, (zx) = R,
for k > n.
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4. HS FUNCTIONS AND SHS FUNCTIONS
We begin with

Definition 4.1. Let v € L™ (X) which is not equal to 0 identically. We say that
v is an SHS (or full superharmonic) function if va(x) < v(z) on X for every
finite subset A of Xo. We say that v is an HS function if it is an SHS function

which is harmonic on Xo. We say that v is an SHSy(resp. HSy) function if it is
an SHS (resp. HS) which satisfies v(ag) = 0.

Notice that for any SHS function v, there exists an SHS, function which takes
same values as v on Xj. In fact, for an SHS function v, define u by v = v on X
and u(ag) = 0. Since us = v, for any finite subset A of Xy by Theorem 2.3(1),
u is an SHSy function.

Proposition 4.1. If v is an SHS function, then it is superharmonic on Xj.
Proof. Let x € X, and let take A as W (z). From Proposition 2.2 it follows that

v(z) Zvalz) =3 _ v(z)wi(z) = > [c(x,2)/c(x)]v(2),

zeW (x)

so that Av(z) <0. O
By Lemma 2.1 we have

Theorem 4.1. Let {v,} be a sequence of SHS (resp. SHSy, HS and HS) func-
tions. If {v,} converges pointwise to v € L(X), then v is an SHS (resp. SHSo,
HS and HSy function.

Theorem 4.2. Every Kuramochi potential Gy is an SHSy function.
Proof. For a finite subset A of X, we have by Lemma 3.1 and Theorem 3.2

(Gpa(z) = Y (Ga)a(@)p(a)
< Doy Gal@)pla) = Gpu(),

so that Gy is an SHS function. Since §,(ag) = 0, we have

Gulao) =Y Galao)p(a) = 0. O

Theorem 4.3. Let v be an SHS function and let A be a finite subset of Xo.
Then there ezists a unique v € LT(X) such that vy = Gv and S, C A.



68 A. MURAKAMI AND M. YAMASAKI

Proof. By definition, v,4 is harmonic on Xj \ A. To prove that v, is superhar-
monic on A, let @ € A. Then we have vs(a) = v(a) and va(z) < v(z) on X, so
that

Avy(a) = +Z cla, x)va(x)
< +Z () = Av(a) <

since v is superharmonic on X. Thus vy, is superharmonic on A. Let v(x) :=
—Avy(x) on Xg and v(ag) := 0. Then v € L*(X) and v(z) = 0 on X\ A. Notice
that Gv € D(N;ag). To prove vy = Gv, put h := v4 — Gr. Then h is harmonic
on Xy by Lemma 3.2. Since S, C A and (§,)a(x) = ga(x) for every a € A by
Theorem 3.2(1), we have (Gv), = Gv and

hA = (UA)A — (GI/)A = Vyq — GV =h
on Xy. Since D(h) < oo, we have by Theorem 2.5,
(4.1) min(0, min{h(z); z € A}) < h < max(0, max{h(z);z € A})

on X, so that h attains its minimum on A. By the minimum principle, A is equal
to 0 on the connected component X* of X \ {ag} which contains the node xy € A
such that h(zg) = min{h(z);z € A}. Thus min{h(z);z € A} = 0. By applying
the same reasoning to —h, we obtain max{h(z);z € A} = 0. By (4.1), we have
h =0, and hence v4 = Gv. The uniqueness of v follows from Lemma 3.2. [

Corollary 4.1. If v is an SHS function and if A is a finite subset of Xy, then
va is an SHSy function.

Now we shall prove the following Riesz decomposition theorem which assures
that every SHS function is equal to the sum of a Kuramochi potential and an
HS function. More precisely

Theorem 4.4. For an SHS function v, there exist i € M(@) and a non-negative
HS function q such that v = Gu + q on Xj.

Proof. Let v be an SHS function and let {N,}(N,, = < X,,Y, >) be an
exhaustion of N. For B, := X, \ {ao}, there exists v, € L*(X) such that
v, = G, and S,, C B, by Theorem 4.3. For simplicity, put v, := vg, . Put
vn(z) :== —Av,(z) for x € Xy and v,(ag) := 0 and define u,, by p, = v, on X,, 1
and pi, =0 on X \ X,,_1. Since v, = v on X,,, we have p,(z) = —Av(z) on B,
and p,(z) =0 on X \ B,_;. We see easily that {u,} is an increasing sequence
and converges pointwise to u € L1(X) defined by p(x) = —Awv(x) for z € X,
and p(ag) = 0. Since p, < pinr1 < Vpy1, we have

Gﬂn < GﬂnJrl < GVn+1 = Un+41 <w,

so that p = lim,_,. G, exists and p € L + (X). By Fatou’s lemma, we have
Cuw) = ¥, du(ohla) < limninf 3 Gulw)nla) = lim Gino) = (o) < (o).
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Thus € M(G). Since p, < 1, we have p < Qu, and hence p = Gu. Now
put A\, := v, — p, and ¢, := GX\,. Then v, = Gv, = Gu, + ¢,. Notice that
qn € LT(X), since \,, € LT(X). For m < n, we have v,, = v,, = v on X,,, and

Qm_Qn:éMn_éﬂmZO

on X,,. Namely {¢,} converges decreasingly to some ¢ € L*(X). Since v =
Gun + g, on B, we have v = Gu + q on Xy. Since g, is an SHS function by
Theorem 4.2, ¢ is an SHS function by Theorem 4.1. Since ¢, is harmonic on
B, _1, q is harmonic on X,. Therefore ¢ is an HS function. [J

Finally we give a positive superharmonic function which is not an SHS func-
tion.

Example 4.1. Let N, ay and R, be the same as in Example 3.1. Assume
that R := >, cy 7(y) < co. Fix n > 1 and consider the function u defined by
u(ag) == 0, u(zy) := Ri/R, for 1 <k < n and u(zg) :=1— (Ry — R,)/R for
k > n+ 1. It is easy to show that u(x) is a positive superharmonic function in
Xo. Take A := {x,}. We see that us(zx) = u(xy) for 1 <k <n and ua(xy) =1
for k > n + 1, since u4 is harmonic on {xx; k # 0,n}, ua = u on A and u, has
the minimum Dirichlet sum among D4 (u). Namely, ua(xy) > u(zy) for k > n+1
and v is not an SHS function.

5. REDUCED FUNCTION OF AN SHS FUNCTION

The function v, is always defined for a finite subset A of Xy and v € L(X).
Now we introduce a function v’ similar to v4 for any SHS function v and for
any subset A of Xy. We begin with

Lemma 5.1. Let v be an SHS function and let A be a subset of Xy. For an
exhaustion {N,}(N, = < X,,,Y, >) of N, put A, := AN X,. Then {va,}
converges increasingly to a function vy. This v does not depend on the choice
of an exhaustion of N and has the following properties:

(1) vy =von A,

(2) vi<wvonX.

(3) v is an SHSy function.

Proof. For simplicity, put v, := v,4,. Then v, < v. For m < n, we have by
Theorems 2.2 and 2.3

0< (U - /Um)An = Up — (Um>An = Un — Um,

so that 0 < v, <wv, <wv. Thus {v,} converges to a function f € LT (X).

Let {N] }(N] =< X! Y! >) be another exhaustion of N and put A}, = ANX/,.
Let f’ be the limit of {va, }. For a fixed A, there exists Aj, such that A, C A},
so that vy, <wa < f. Thus f < f'. By the symmetry of our discussion, we
conclude that f = f’. Denote by v% the limit of {v,}. (1) and (2) follow from
the fact that v,, = v on A,, and v, < v on X.
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(3) Since v, is an SHS, function, v¥ is also an SHS, function by Theorem
41. O

For an SHS function v and a subset A of Xy, we call the function v’ defined
in Lemma 5.1 the reduced function of v onto X \ A. Furthermore, we call the
sequence {v,} used in Lemma 5.1 a determining sequence of v%.

By our definition, it is clear that v = vy for every finite subset A of X.

Theorem 5.1. Let u and v be SHS functions and let A and B be subsets of Xj.
Then

(1) (u+v)y =ujy+vh

(2) Vs < V4 + vl

(3) If AC B, then v <vj.

(4) If A C B, then (vi)5 = v}.

Proof. (1) Let {u,} and {v,} be determining sequences of u’ and v’ respec-
tively. Then (u + v)4, = u, + v, by Theorem 2.3. Letting n — oo, we obtain
(1).

(2) Let {N,}(N, = < X,,,Y, >) be an exhaustion of N and put A, = ANX,
and B, = BNX,,. Then vy, up, < va, +vp, by Lemma 2.2. We let n — oo and
obtain (2).

(3) It suffices to show (3) in case both A and B are finite sets. We have by
Theorems 2.2 and 2.3

0<(v—va)p=2v4— (va)p =v4a — Vg
(4) By Lemma 5.1(3), (vf)5 < v%. To prove the converse inequality, we
consider an exhaustion {N,}(N,, = < X,,,Y,, >) of N and put 4, := AN X,
and B, := BN X,. For m < n, we have A,, C B,, so that (va,,)p, = va,,

by Theorem 2.2. Since v4, < v% by definition, we have vy, < (v%)p,. Letting
n — oo first and then m — oo, we obtain v < (v})5. O

Theorem 5.2. Let A be a subset of Xq, let v be an SHS function such that
Da(v) # 0 and let {v,} be a determining sequence of v¥. Then v € D(N;ag)
and D(v, —v%) — 0 as n — oo.

Proof. Let u € Ds(v), let v, be a determining sequence of v and let A,, be the

same as in Lemma 5.1. Then u € Dy, (v) and D(v,) < D(u) < co. For m < n,
we have (v, — Uy, V) = 0 by Theorem 2.1, so that

0 < D(vy, — v) = D(vn) — D(vy,).

Thus {D(v,)} is an increasing sequence which is bounded from above. It follows
that {v,} is a Cauchy sequence in D(N;ag). Since {v,} converges pointwise to
v, we conclude that D(v, —v%) — 0 as n — oo and v}y € D(N;ap). O

Definition 5.1. We say that v is a« DSHS (resp. DHS) if it is an SHS (resp. HS)
function and D(v) < co. We define a DSHSy (resp. DHSy) function similarly.
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If v is a DSHS function, then D4(v) # () by Proposition 2.1. Thus we have

Corollary 5.1. Let A be a subset of Xj.

(1) Ifvis a DSHS function, then vy € D(N;ay).

(2) Let {v,} be a determining sequence of v’. If v is a DSHS function, then
D(v, —v%) — 0 as n — 0.

Theorem 5.3. If v is a DSHS function, then v = va for any subset A of X,.

Proof. Let A, be the same as in Lemma 5.1 and put v, := vy, . Since Dy(v) C
D4, (v), we have (u — vy, v,) = 0 for all u € D4(v) and for all n by Theorem 2.1.
Since D(v, —v%) — 0 as n — oo by Corollary 5.1, we have (u — v¥,v’) = 0 for
all u € Dy(v), and hence vy =vy. O

Corollary 5.2. If v is a DSHSy function, then D(v¥) < D(v).
Proof. It suffices to note that v € Dy(v) [O.

Corollary 5.3. Let v be a DSHS function and let A and B be subsets of Xq. If
A C B, then D(vy —vY) = D(vy) — D(vh).

Proof. Since vg = vj € Dp(v) C Da(v) by Theorem 5.3 and Corollary 5.1, we
have (vg —wva,v4) = 0 by Theorem 2.1, and hence D(vg —v4) = D(vg) — D(va).
U

6. DEFINITION OF KURAMOCHI BOUNDARY OF N
In this section we sometimes use the notation g(z, a) for the Kuramochi func-
tion g, (z).

Definition 6.1. We say that a sequence {x;} of nodes in X, tends to the infinity
of N if, for any finite subset A of X, there exists jo such that x; € Xo \ A for
all j = Jo.

Lemma 6.1. Assume that a sequence {x;} of nodes in X, tends to the infinity
of N. Then {g(x,x;)} is a bounded sequence for each x € Xj.

Proof. By Theorem 3.1(2), we have
9(x, ;) = Gay (1) = Jo(2;) < Galz) < 00
forall jand z € Xg. O

Corollary 6.1. If {z;} is a sequence of nodes in Xy which tends to the infinity
of N, then {g(-,x;)} contains a convergent subsequence.
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We say that {z;} is a fundamental sequence if it is a sequence of nodes in X
which tends to the infinity of N such that {g(-,z;)} converges. Two fundamen-
tal sequences {z;} and {2’} are said to be equivalent if the limit functions of
{9(,7;)} and {g(-, %)} are equal to each other.

Definition 6.2. A Kuramochi boundary point of N is defined as an equivalence
class of fundamental sequences. The Kuramochi boundary (denoted by ON ) of N
15 the set of Kuramochi boundary points.

For £ € ON, there exists a fundamental sequence {z;} in X, such that
lim; .o §(z, z;) exists for every x € X. In this case, we set

§(2,€) = Gelw) = lim 3(,;)

and call the sequence {z;} a determining sequence of £&. The definition of g¢(z)
does not depend on the choice of a determining sequence of &.
Let us put X := XqUJN and introduce a metric d on X by

G0 dem) =T e [ T

for #1, x5 € X, where o € Lt (X) is positive on X, and a(ag) = 0 and a(X) < oo.

By our definition, a sequence {x;} C X converges to x € X in the sense of d if
and only if §(-,z;) — §(-,x) as j — oo in the sense of the pointwise convergence.
The topology induced by this metric d on X coincides with the original discrete
topology.

Proposition 6.1. X = X,UON is a compact metric space with the metric d.

Proof. It suffices to notice that {g(-, z;)} contains a convergent subsequence for
any sequence {z;} tending to ON by Corollary 6.1. [J

Proposition 6.2. Let £ € ON. Then:
(1) Ge = g(-, &) is harmonic on Xy, ge(ap) =0 and Age(ap) = 1.
(2) e is an HSy function.

Proof. Let {z;} be a determining sequence of £ € 9N. Then we have
Ang = —&g; + €ap-
By letting 7 — oo, we see that Aje = &,,. This implies (1).
(2) Since g,, is an SHS, function, our assertion follows from Theorem 4.1.
L]
As a direct consequence of the topology induced by the metric d, we have
Proposition 6.3. §(x,&) is a continuous function of £ € X for each x € Xj.

We prepare
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Lemma 6.2. Let ay and a)y be distinct two nodes and let g, and g, be the re-
producing kernels of D(N;ag) and D(N;aj) respectively with a € X \ {ag,af}.
Then

(1) 9a = o + Gay = 9alao)-

(2) gé = ga + géo - f]a(%)-

Proof. By symmetry, we have only to show (1). Denote by v, the right hand
side of (1). For any u € D(N;ap), we have u — u(ay) € D(N;ap) and

(¢a7 u) = (gz/m u— u<a6)) + (ga67 u)
= u(a) — u(ap) + u(ay) = u(a),

and hence v, is a reproducing kernel of D(N;ag). By the uniqueness of g,, we
conclude that ¢, = g,. O

Theorem 6.1. The definition of Kuramochi boundary points of N does not de-
pend on the choice of ag in the sense that every equivalent class of sequences of
nodes near the boundary of N is the same.

Proof. Let ap and af, be two fixed nodes and assume that {z,} is a fundamental
sequence converging to £ with respect to ag. Let {N,}(N,, = < X,,,Y,, >) be an
exhaustion of N such that {ao, aj} C X;. Denote by g, (resp. §,) the Kuramochi
function of N with pole at a with respect to agy (resp. ag). By Lemma 6.2(2), we
have

Ty (%) = Gao (%) = G, () = Ga,(ag) — Ge(2) — Ge(ap)
as n — oo for each x € X. Therefore {z;} is a fundamental sequence with
respect to af. Consequently two equivalent fundamental sequences with respect
to ag are fundamental sequences with respect to a; and equivalent to each other.
Next we show the converse. Let {x;} and {2} be fundamental sequences
which determine distinct boundary points £ and & with respect to ag. Assume

that {z;} and {2} determine the same boundary point & with respect to ay,.
Then by Lemma 6.2(1)

19¢() = g ()] = lim |30, (%) — Gy (2)]

= lim |g; (z) — g, (2) — G5, (a0) + Gay (ao))
= 1Ge, (%) = Ge, (%) — G, (a0) + Ge, (a0)| = 0
for all x € X. Therefore g¢(z) = ge(z) for all € X, and hence £ = ¢’. This is

a contradiction. [J
Several examples of Kuramochi boundaries were given in [7].
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7. INTEGRAL REPRESENTATION OF HSy; AND SHS; FUNCTIONS

A measure on a compact Hausdorff space means a positive Radon measure on
it. We say that a sequence {u,} of measures on a compact Hausdorff space
converges vaguely to a measure p on ) if

[ s~ [ fau

as n — oo for every real-valued continuous function f on €.
The following lemma is well-known (cf. [1]):

Lemma 7.1. Let {pu,} be a sequence of measures on a compact Hausdorff space
Q. If the set {u,(Q)} of total masses is bounded, then there exists a subsequence
of {in} which converges vaguely to some measure on §).

Results on measure theory which we use in this paper are found in [1].

Notice that N may not be a countable set (cf. [7]). Therefore a measure on
X can not be identified with a function on X in general.

For a measure p on X, the Kuramochi potential G of p is defined by

= [ g:@)du(2)

if the integral is finite for all z € X. Namely, we only consider the case where
Gp e L(X).
First we have

Theorem 7.1. Every SHS, function v is expressed as a Kuramochi potential of
a measure on X, and vice versa.

Proof. By Theorem 4.4(Riesz decomposition theorem), an SHS, function v can
be written in the form: v = Gu+u, where p(z) := —Awv(x) for z € X, p(ap) =0
and v is an HSy function. By regarding p as a measure on X , we have only to
show that every HSy function can be expressed as a Kuramochi potential of a
measure on X. Let {N,}(N, = < X,,,Y,, >) be an exhaustion of N and put
A, = X,, — X,—1. Since u and wuy, are harmonic on X, \ {ao} and us, = u
on A, U{ap}, we have us, = v on X,, by the minimum principle. There exists
v, € LT(X) such that us, = Gv, and v(X \ A,) = 0 by Theorem 4.3. Notice
that . 3
Un(X) = 1, (X) = AGuy,(ap) = Aulag) < o0

for all n. We regard v,, as a measure on X. Since the set of the total mass of v,
is bounded, we can extract a vaguely convergent subsequence of {v,,} (cf. [1]).
Denote the subsequence {v,} again and let v be the limit. By Lemma 7.1, we
see that v({z}) = 0 for every z € X, so that v is a measure on N. We have
by Lemma 7.1

A, () = Yoz Ge@)va(€) = [ Ge@)ava() = [ ge(@)dn(e)

as n — o0, since ge(x) is a continuous function of £ for each x € X,. Since
uy4, = uon X, we obtain u = Gv.



KURAMOCHI BOUNDARY OF AN INFINITE NETWORK (0]

To prove the converse, let u = Gv be a Kuramochi potential of a measure v
on ON, ie., v(Xy) = 0. Since ge(ap) = 0 for all £ € X, we have

u(ao) = [ Gelao)dw(€) = 0.

For x € Xy and £ € ON, we have Age(x) = 0, so that

Nufa) = [ Age(x)dv(e) =0.

To prove that u is an HSy function, it suffices to show that uy < wu for every
finite subset A of X3. We have by Theorem 2.4 and Lemma 5.1

ua(r) = > u(z)wi(z)

= Yoawhe) [ ae)ane)

= [ ¥, aeei()v(e)

= [@a@an(©) < [ gel)av(e) = u(x). O
Corollary 7.1. If u is a measure on X such that S, CON, then v := G is an
HSy function.
Proof. It suffices to note that

Av(a) = [ Age(w)dp(€) = 0

for x € Xy, since g¢ is harmonic on X,. [

Definition 7.1. For an SHS function v and an infinite subset A of Xy, we put
va =Y in the rest of this paper. In this sense, we put

(Car)(a) = [ (3:)a()du(2)

For an infinite subset A of X, denote by A® the closure of A in the space X.
Denote by S, the support of a measure p on X.
As an extension of Theorem 4.3, we have

Theorem 7.2. Let v be an SHS function and let A be an infinite subset of Xo.
Then there exists a measure jt on X such that va = Gu and S, C A®.

Proof. Let {N,}(N, = < X,,,Y,, >) be an exhaustion of NV, and put A, :=
AN X,. By Theorem 4.3 there exists v, € LT(X) such that v4, = Gv, and
S, C A,. We have by Lemma 3.3

Un(X) = AGuy(ag) = Ava, (ag) < Avy(ag) < oo.

Namely, {1,(X)} is bounded. There exists a subsequence of {v, } which converges
vaguely to a measure. Denote by {v,} the subsequence again and let v be the
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limit. Then S, C A®. Since §.(z) is a continuous function of z in X for each
r € Xo,

v, () = Gra(@) = [ Go@)dva() = [ go(w)dv(2) = Cpla)

as n — oo for each x € Xy. By definition, {va,} converges pointwise to v4, and
hence vu(z) = Gr(z). O

Definition 7.2. We say that ju is an associated measure of va if va = Gu holds.

Remark 7.1. Let v be an SHS function and let p be an associated measure of
va. Then

(X)) = AGp(as) = Ava(ag).
As a generalization of Lemma 3.1, we have

Theorem 7.3. Let i be a measure on X. Then (é,u)A = Gap for every subset
A Of X().

Proof. Let {N,}(N, = < X,,,Y, >) be an exhaustion of N and put A, :=
AN X,. Then {(g.)a,} converges increasingly to (g.)a as n — oo. By Lemma
3.1 and Lebesgue’s dominated convergence theorem, we have

(Gp)a = lim (Gu)a, = lim (Ga,)p

n—oo

= Jim [(g:)a,(z)dp(z)

n—oo

= /(gz)A(x)dM(Z) = Gap. O

For a closed subset /' of ON, we introduce the reduced function vg of an SHS
function v onto X \ F.

Definition 7.3. For a closed subset F' of ON, let us put
d(z, F) := min{d(z,§);§ € F}.

Lemma 7.2. Let v be an SHS function and F' be a closed subset of ON and put
Fimy = {z € Xo;d(x, F) < 1/m}. Then {vg,,} converges decreasingly to an
HSy function. Denote the limit by vp and call zt the reduced function of v to
X\ F.

Proof. Since F;;,41) C Fiyn), we have

0 < UFgi1) < VP

by Theorem 5.1(3). Thus {vg,, } converges decreasingly to an SHSy function by

Theorem 4.1. Since VB, is harmonic on Xj \ Fmy, its limit is harmonic on X.
O
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Proposition 7.1. Let u and v be SHS functions and let E and F be closed
subsets of ON. Then:

(1) vp <vonX.

(2)  wvan =wv if v is an HSy function.

(3) (U+U)FZUF+UF.

(4) If E CF, then vg < vp.

Proof. (1) We have UF,,, < v by Lemma 5.1, so that vp < v.

(2) Let F = ON. Then X \ Fmy is a finite subset of Xo and vp,,, = v on
Fmy. Since v — vp, is harmonic on Xp \ Fi;,) and is equal to 0 on F,y U {ao},
we see by the maximum principle that vp,,, = v on Xy, and hence vgy = v on X.

(3) It suffices to notice that (u + v)r,,, = ur,, +vr,, by Theorem 5.1(1).

(4) follows easily from Theorem 5.1(3). O
Similarly to Theorem 7.2, we have

Theorem 7.4. Let v be an SHS function and let F' be a closed subset of ON.
Then there exists a measure ji such that S, C F' and

2) = [ ge(@)du(€)

holds for every x € Xg.

Proof. Let F,) := {2 € Xo;d(z, F') < 1/m}. By Theorem 7.2, there exists a
measure [i,, such that VR = G,um and S,,, C (Fim))®. By Remark 7.1

[ (X)) = Avg,,,(ag) < Avg,, (ag) < oo,

so that {um(y )} is bounded. There exists a vaguely convergent subsequence of
{pm}. Denote it again by {i,,} and let p be its limit. For each x € X, we have
by Lemma 7.1

vp(z) = lim vg,  (r) = lim G (z) = Gu(z) O.

m—00 m—0o0

Corollary 7.2. u(X) = AGu(ag) = Avg(ap).
Similarly to Theorem 7.3, we have

Theorem 7.5. Let i1 be a measure on X and let F be a closed subset of ON.
Then (G/L)F = GFM
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Proof. Let Fn,) = {2 € Xo;d(x,F) < 1/m}. Then {(g.)r,,} converges
increasingly to (g,)r as m — oco. By Theorem 7.3 and Lebesgue’s dominated
convergence theorem, we have

(é:u)F = %%(épl)ﬂm) = lim éF(m):U’

m—00

= i [(3)n,, (2)du(2)

m—0o0

= [@)r(@)du(z) = Gen. O

Example 7.1. Let N and ag be the same as in Example 3.1 and let F' = ON.
Let {k.,} be an increasing subsequence of {k} such that Fi,,,y = {zp;k > ki, }-.
We have 1p, (zr) = Ri/Ry,, for k =0,1,2,---  ky, — 1 and 1p,, (z) = 1 for
k > k. Letting m — oo, we obtain 1g(xy) = Ri/R if R < oo and 1p = 0 if
R = oo.

Since ge is an HS, function and ON = {£}, we have (G¢)qey = Ge-

8. CLASSIFICATION OF BOUNDARY POINTS
Similarly to Theorem 5.2, we have

Theorem 8.1. Let v be a DSHS function, let F' be a closed subset of ON and
let Fimy == {z € Xo;d(z, F') <1/m}. Then D(vp,, —vr) — 0 asm — oo.

Proof. For m < n, we have I,y C F{,,) and
0< D(UF(n) - UF(m)) - D<UF(m)) - D(UF(n))7

by Corollary 5.3. It follows that {D(vg,,)} has a limits and that {vp,, } forms
a Cauchy sequence in D(N;ag). Our assertion follows from the fact that {vg, }
converges pointwise to vp. [

Corollary 8.1. vp € D(N;aqg) for a DSHS function v and a closed subset F of
ON.

Theorem 8.2. Let v be a DSHS function and F be a closed subset of ON. Then
(vp)p = vE holds.

Proof. Let F(,,) := {z € Xo;d(x, F) < 1/m} and put u, := vF,,, — vp. For
m < n, u, € Dp, (uy), since u, € D(N;ao). We have D((u,)r,,,) < D(un) — 0
as n — 00 by Theorems 2.1 and 8.1. On the other hand, we have by Theorem

2.2

D((UH>F(m)) = D((UF(n))F(m) - (UF)F(m)) = D(UF(n) - (UF)F(m))'
Letting n — oo, wo obtain D(vr — (vr)F,,,) = 0. Hence vr = (vr)r,, for all m,
which implies vp = (vp)p. O
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Corollary 8.2. (1p)p = 1p.

In order to study the relation: (vg)p = vp for an SHS function v and a closed
subset F' of ON, we prepare

Lemma 8.1. Let u be an HS function, let F' be a closed subset of ON such that
1p =0 and let Fipy :={x € Xo;d(z, F) <1/m}. Then
for every finite subset A of X,.

Proof. Let A be a finite subset of X, let n be a large number such that n > m
and Fi,,) N A = 0 and let {N}(Ny =< Xi,Yr >) be an exhaustion of N. We put
B®) = B, := Fy N Xy and M := max{u(z);z € A} and prove the following
inequality:
(8.2) (ugw)a = (Uugw)a < ugem —ugw + Mg, ax, .-
For simplicity, we put

fi=up, —up,, h:=f— fa+ Mlp,

and show that h > 0 on X.
By Theorems 2.2 and 2.3, f4 = (up,,)a — (up, )4 and

faus, = (up,,)aus, — (up,)aus, < ug, —ug, = f,

so that we have

haus, = faus, — (fa)aus, + M(1p,)aus,
= fau, — fa+ Mlp,
< f—Jfat+Mlp, =h,

By this inequality and Theorem 2.5, we have
h(x) > haug, (x) > B :=min{h(z);z € AUB,}

for all x € Xy. Now we have only to show that 3 > 0. For z € A, h(z)
M1p,(2) > 0. We consider the case where z € B,,. By the relation f < up_
u < M on A, we have by Theorem 2.5

fa(x) <max{f(z);z € A} <M
on X. Since f > 0 by Theorem 5.1(3), we have for z € B,
h(z) > —fa(z) + M >0,

and hence § > 0 and (8.2) holds.
Letting £ — oo in (8.2), we obtain

IA I

(8:3) (R )a = (ur,)a < ur,, —up,, +Mlg,.
Next letting n — oo in (8.3), we have by Lemmas 2.1 and 7.2

(“F<m>)A — (up)a < ug,,, —up + Mlp =up,, — ur,
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since 1p = 0. This completes the proof of (8.1). O

Theorem 8.3. Let v be an SHS function and let F' be a closed subset of ON. If
1rp =0, then (vp)p = vr holds.

Proof. Since vg is an HSy function by Lemma 7.2, (vp)r < vp. We show
the converse inequality. By Theorem 4.4, v can be decomposed in the form:
v = Gpu + u, where p(r) = —Av(z) on Xy, u(ag) = 0 and u is an HS function.
We have by Proposition 7.1(3) and Theorem 7.5,

ve = Grutup,  (or)r =3 _ ((3:)r)ru(2) + (ur)p.

Since g, is DSHS function for z € Xy, we have ((¢.)r)r = (§.)r by Theorem 8.2.
Therefore it suffices to show that up < (up)p. Let F(,) = {z € Xo;d(z, F) <
1/m}. By Lemma 8.1, we have

(ur,)a — (ur)a < ug,, —ur

for every finite subset A of X,. Let {N,}(V, = < X,,,Y,, >) be an exhaustion
of N and take A = Bfff) = F;n) N X}, as in Lemma 8.1. Letting & — oo, we have

(“F<m>)B§,if> = (UF() ) Fny = U

by Theorem 5.1 and (UF)B(k) — (uF)F(m). Therefore we have (uF)F(m) > up. By
letting m — oo, we obtain (up)p > up. O

Definition 8.1. For each £ € ON, set
a(§) = A(ge) ey (ao)-

Theorem 8.4. For{ € ON, a(§) =1 or a(§) = 0.

Proof. For simplicity, we put § := ge and F' := {¢}. Then gr = a(£)g by
Theorem 7.4 and Corollary 7.2. If 1z = 0, we have by Theorem 8.3
gr = (Gr)r = (a(£)g)r = (£)%3,
so that a(&)(1 — a()) =0, ie., a(f) =1 or a(§) = 0.
If 1z > 0, then 1 = ¢g with ¢ > 0 by Theorem 7.4. By Corollary 8.2,we have
. 1 1 .
gr=-(1p)r=-1p=g.
c c

Since gr = a(§)g, we conclude that () =1. O

Corollary 8.3. According as a(§) =0 or 1, (Ge)gey = 0 or ge.
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Definition 8.2. We set
(ON)o :={£ € ON; () = 0},

(ON)1 :={¢§ € ON;a(§) = 1}.

We call an element of (ON)y(resp. (ON)o) a Kuramochi minimal (resp. mnon-
minimal) (boundary) point.

We prove
Theorem 8.5. (ON) is an F,-set.

Proof. Let m € Z*,m > 1. Define ¢,, as the set of all £ € ON with the following
property:

a(€) = Alge)s(an) <

for every infinite subset B of X, such that B® contains a neighborhood of ¢ and
~ 1
Bc U 1/m) ={z¢€ X;d(z¢) < a}

First we show (ON)g = Ugye_ 0. Let & € (ON)o, let F:= {£} and let Ay, :=
{z € Xo;d(x,§) < 1/k} and put g := ge. Then (§)r = limg—.oo() 4, by Lemma
7.2. Since (§)r = 0 by Corollary 8.3, we have

A aag, () = lim A(g)a, (a0) = A(g)r(ag) = 0.

There exists ko such that ay, (§) < 1/2 for all k > ky. For any infinite subset
B of X such that £ € B* and B C U(¢,1/k), we have B C Ay and

ap(€) < g, (€) < 1/2

for k > kg, so that £ € 9, for k > k.

Conversely, if £ € d,,, then a(§) < ap(§) < 1/2, where B = A, 1) mentioned
in the definition of d,,. Since a(§) = 0 or 1, we have a(£) = 0, so that £ € (ON)o.
Therefore (ON) is equal to the countable union of d,,.

Next we prove that d,, is closed. Let {; € 0,, and assume that § — &
as j — oo. Put g; := g¢; and go = gg. Take B in such a way that B“
contains a neighborhood of & and B C U(&,1/m). There is a jy such that
& € B® for every j > jo. Since & € 0, ap(§;) < 1/2 for every j > jo.
Let {N,}(N, = < X,,,Y,, >) be an exhaustion of N and put B, = BN X,.
Since (go)p, converges increasingly to (go)p as n — oo and these functions take
value 0 at ag, we see by Remark 1.1 that A(go)s, (ap) converges increasingly to
A(go)s(ap). Thus, for any € > 0, there exists a large n such that

A(go)(ao) — € < A(go) s, (ao)-
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Since A(g;) s, (ao) < A(gj)p(ag), we have

1 , . -
5 > limsup ap(§;) = limsup A(g;)s(ag)

J—00 J—0o0

> liminf A(g;)5(ao)
]—>OO

Y

lim A(g;)p,(ap) by Lemma 2.1
j—o0
= A(go)B,(ao)-

Therefore, A(go)p(ag) < 1/2 4+ €. Since € is arbitrary, we obtain ag(§) =
A(go)p(ag) < 1/2, and hence & € 0,,. O

9. CANONICAL REPRESENTATION

Lemma 9.1. Let v be an SHS function and let F}, be a sequence of closed subsets
of ON such that F,, C F,y1 and F = U2 | F, is closed. If vy, = 0 for each n,
then vp = 0.

Proof. Let xy € X, and take € > 0. For each F,,, there exists a subset B,, of X
such that zy ¢ B,,, B is a closed neighborhood of F,, and vp, (z9) < €/2". Then

There exist By, -+, By such that By U---U By is a closed neighborhood of F.
Let Fiy = {x € Xo;d(x, F) < 1/m}. If m is large, F(,,y C B:= By U---U B,.
Then we have by Theorem 5.1(2)

q
vp <vp,, <vp <) vg,,

n=1

so that vp(zg) < €. Since € is arbitrary, vg(xg) = 0. Since vg is harmonic on X
and attains its minimum at zy, we have v = 0 by the minimum principle. [J

Lemma 9.2. Let v be an SHS function and assume that (vp)rp = vg for every
closed subset F' of (ON)g. Then vp =0 for every closed subset F' of (ON ).

Proof. Let F' be a closed subset of (ON)o. Then F' is equal to the countable
union of the sets {d,,} defined in the proof of Theorem 8.5. Let E be a closed
subset of §,, with diameter less than 1/(2m) and let B be a subset of X such that
B* is a closed neighborhood of E and B® is contained in 1/(2m)-neighborhood
of E. Then B® is contained in the (1/m)-neighborhood of any point of £. Hence
ag(§) < 1/2 for every £ € E C 6,,. On the other hand, vy = Gu by Theorem
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7.4, where ;1 is a measure such that (X \ E) = 0. Since (vg)g = vg by our
assumption, we have by Proposition 7.1 and Remark 1.1

n(E) = Aéﬂ(ao) = AUJ::(GO) = A(vg)e(ao)

It follows that u(E) =0, i.e., p = 0 and hence vy = 0. Since 6, can be divided
into a finite number of closed sets with diameter less than 1/(2m), we see by
Lemma 9.1 that vs,, = 0. Since F'Nd,, is closed and F' = U°_, (F'Nd,y,), we have
vp =0 by Lemma 9.1. [

Theorem 9.1. Let v be an SHS function. Then vy = 0 for any closed subset F
Of ((?N)O

Proof. By Corollary 8.2, (1g)r = 1 for every closed subset F' of N, so that
1r = 0 for every closed subset F' of (ON)o by Lemma 9.2. On account of Theorem
8.3, we have (vp)p = vp, and hence vp = 0 by Lemma 9.2. [

Theorem 9.2. Let v be an SHS function and let I be a closed subset of ON.
Then there ezists a measure p such that (X \ (F'N(ON)1) =0 and

ve(e) = [ e()due).

Proof. Let F,,) := {z € Xo;d(x, F) <1/m} and let i, and p be the same as
in the proof of Theorem 7.4. Then {u,} converges vaguely to u, S, C F' and

or(2) = [ Gela)du(s).

It suffices to show that p((ON)y) = 0.

Let {N,}(N, = < X,,,Y,, >) be an exhaustion of N. By Theorem 4.3, there
exists p™ € L*(X) such that S m C Fp = Fny N Xy, and vy = Gul™. As in
the proof of Theorem 7.2, we may assume that {u{™} converges vaguely to f,
as n — 00.

Let € > 0 be given and fix ¢y € Xy. For d; defined in the proof of Theorem
8.5, we have vs, = 0 by Theorem 9.1. There exists a closed neighborhood E of
S, in X such that vp(xg) < € with B := E'N X.

Define ™ by v = u™ on B and v = 0 on X \ B. We may assume
that {v{"} converges vaguely to a measure v, such that S,,, C (BN Fn))® as
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n — oo and that {v,,} converges vaguely to a measure v such that S, C B*NF
as m — o0o. Since S () C B, we have by Theorem 3.2(1)

Gvi) =3 _Lavi(z) = 3 (3)sri(2) = (GVi)s
< (vpn)p < vg,
since G < Gu™ < v. By letting n — oo and then m — oo, we obtain
(9.1) Gv <wvg on Xo.
Now we proceed the proof of u((ON)g) = 0. By (9.1), we have

/5k Je(0)dv(€) < Gu(xo) < vplxo) < €.

Since € is arbitrary and ge(zo) > 0 on J;, we see that v(d;) = 0. Therefore

V((ON)) = ”ﬁi 5) < g: v(0y) = 0.

Finally we show that u(dx) = 0 for each k.

For any € > 0, there exists a continuous function f on X such that 0 < f<1
on X, f=1ond, Sy C E and

o) = [ faul < e, (o)~ [ fav) <e
Since u™ = v on B = E N X,, we have

S F@u @) =3 @i (@),

Letting n — oo and then m — o0, we obtain /fdu = /fdy. Therefore

|p(dx) — v(0k)| < €. Since e is arbitrary, we have p(d;) = v(d;) = 0. Hence
p((ON)o) = 0. O

Corollary 9.1. Let u be an HSy function and let  be the associated measure of
u. Then

u(x) = ge(x)d :
(0)= |, )
Proof. By Proposition 7.1 and Theorem 9.2, we have
u(r) = ugn(x) = ge (x)d .U
(0) = uon(e) = [ e(w)au(e)
We call the measure g in Corollary 9.1 a canonical measure of v and the

representation a canonical representation.

Theorem 9.3. Let v be an SHS function and F be a closed subset of ON .

(1) If E is a closed subset of ON and if F' C E, then (vp)g = vp.

(2) If B is an infinite subset of Xo such that B® is a closed neighborhood of F,
then (vp)p = vp.
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Proof. (1) Let £ € FN(ON);. By Corollary 8.3 and Proposition 7.1(1),(4),
we have

9e = (9e)ie) < (9e)m < G
and hence (§¢) g = Je. By Theorem 9.2, vp = Gu with S, C F and u((ON),) = 0.
By Theorem 7.5

(we)e = (Cue = Gop= [ (ge)pdu(€)

e q d == é — .
/FWN)1 Gedp(§) pw=vp

(2) Since vp is an HSy function, (vp)p < vp. Let Fiy = {z € Xo;d(z, F) <
1/m}. Then F,,y C B for large m and we have

vp = lim VR, < UB.
m—0o0

In particular, we have (J¢)p < (Ge¢)s. We have by Theorem 7.3 and the above
observation,

(o) = (Gus = Gon= [(Ge)sdu(©)

> [@rdu(e) = (Grn
= (Gu)r = (vp)p = vp.

Therefore (vp)p = vp. O

10. MINIMAL FUNCTIONS

Definition 10.1. Let u be an HSy function. We say that u is minimal if v = cu
whenever v and u — v are HSy functions.

Lemma 10.1. Let u be a minimal function. If u is expressed as

u(@) = [ g.(x)du(z)

with a Borel subset B of ON and a measure ji, then p is a point measure at some
& € B with total mass ¢ = Au(ag).

Proof. Since u(B) > 0, there exists a closed subset F; of B such that the
diameter of F} is less than 1 and p(F;) > 0. Let F; be a closed subset of F} with
diameter less than 1/2 such that p(F2) > 0. In this way, we obtain a sequence
{Fj} of closed subsets of B such that p(F;) > 0, F; C F;_; and the diameter of
F; is less than 1/j. There exists a point &, € B such that & € Fj for all j. Let

v [ Gedu(6).
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Then
U—v=1u— /F gedp(§) = /B\Fl Gedp(§),

so that v and u —v are HSy functions by Corollary 7.1. Since u is minimal, there
exists ¢; > 0 such that u = ¢ju = G, where p; is the restriction of ¢;u to Fj.
By Remark 7.1,

15(X) = Au(ag) = c.

Let o be the vague limit of a subsequence of {y;}. Then we see that pg is a
point measure at & and that u = Gug = e, Suppose that p # 9. Then there
exists a closed subset F' of B such that & ¢ F and u(F) > 0. By the same
reasoning as above, we can find a point § € B such that u = cge¢,. Therefore,
J¢, = J¢, and hence & = &;. This is a contradiction. Thus p = po. O

Theorem 10.1. (1) Let u be minimal and let F be a closed subset of ON. If
urp > 0 in Xog and v — up is an HSy function, then there exist a point & €
FN(ON)y such that u(x) = cge,(z) with ¢ = Au(ao).

(2)  Any minimal function is a constant multiple of e for some £ € (ON);.

(3)  Ge is minimal if and only if £ € (ON);.

Proof. (1) Since up and u — up are HSy functions by our assumption, the
minimality of u implies ur = u with a constant ¢’. The condition up > 0
implies that ¢/ > 0. By Theorem 9.2 and Lemma 10.1, we have

1 1 5 5
U= —up = — Gedp(§) = cg,

c c JFn(N),
for some point §, € F'N (ON);.
(2) follows from Corollary 9.1 and Lemma 10.1.

(3) Let £ € (ON); and suppose that v and v' := g — v are HSy functions.
By Corollary 8.3, (§¢)r = ge with F' = {{}. We have

UF+U%:(§§)F:§§:U+U/~

From vp < v and v </, it follows that vp = v and v = v'. By Theorem 7.4,
v = cg¢, which implies that g¢ is minimal.

Conversely, assume that §e is minimal. By (2), there exist {, € (ON); and a
constant ¢ such that ge = cge,. Observing that

Agg(ao) = Agﬁo(ao) =1,

we see that ¢ =1, so that £ =& € (ON);. O
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11. UNIQUENESS OF CANONICAL REPRESENTATION

For a finite subset A of Xy, and £ € ON, there exists by Theorem 4.3 pe 4 €
LT (X) such that (ge)a = Gpe.a and pe a(z) =0 on X \ A.

Lemma 11.1. For f € Lo(X) with f(ag) =0, let
(&) =D [(Rneal2).
Then ® (&) is continuous on ON.
Proof. Let &, & € ON. By Theorem 3.1(4) and Theorem 2.5, we have

@7(&) = Pp(&)l = D0 (=D, [AF(@)]g:(a)(pe,a(2) = (beza(2))]
D ouex NI 9:(a) (e ,a(2) — pey,a(2))]

D uex IAF(@)](Ge)ala) = (Ge,) a(a)l

D ex |AF(@)]|(3e — ges)ala)l

< max|Ge, = Ge| >, [Af(a)l.

IN

By definition, d(&;, &) — 0 if and only if |ge, (z) — e, ()] — O for each x € X.
Thus ® () is continuous on ON. [

Lemma 11.2. Let {N,}(N,, = < X,,,Y, >) be an ezhaustion of N and put
Mé”) = pex,. If & € (ON), then {uén)} converges vaguely to the unit point

measure at & as n — 00.

Proof. Since @,uén) = (Ge)x, = ge on X,,, we see that @,uén)(x) — Je(x) as
n — oo for each x € Xy. Noting that

(X)) = AJe)x, (a0) = Age(ag) = 1,

we see that there exists a subsequence of {pén)} which converges vaguely to a
measure . Denote by {ué")} the subsequence again. Since g¢(x) is a continuous
function of £ on X, we have by Lemma 7.1 é,uén)(:p) — Guo(z) as n — oo for
each z € Xg. Thus g¢ = Gpo. By Lemma 10.1 and Theorem 10.1(3), there exists
a point & € (ON); such that Guo = ge,, so that £ = &. Thus po is the unit

point measure at £. Furthermore, for any subsequence of {,uén)} which converges
vaguely to a measure v, we see by the above argument that v = g, and hence

we conclude that { ué")} converges vaguely to po. [

Theorem 11.1. Let u be an HSy function. If there exist measures ju and v on
ON such that u((ON)o) = v((ON)g) = 0 and u = G = G, then i = v. Namely,

the canonical representation of an HSy function is unique.
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Proof. Let {uén)} be the same as in Lemma 11.2. For p, we define a sequence
{pn} of functions in L*(X) by

nl2) = [ 1 (2)dn()

for each z € X,. This is possible because uén)(z) = &__(¢) is a continuous
function of £ on ON for every z € Xy by Lemma 11.1. Similarly, we define {v,}
for v. We have by Theorem 7.3

Cin(r) = 3, Bo@in(z) = X, :(0) [ E(2)due)
= [ X 8@ () = [ Gl @)du(s)
= [(@)x.du(©) = Cn)x,.

Similarly, él/n = (éy)xn, and hence é,un = éz/n. Thus u, = v, by Lemma
3.2. Let f be a continuous function on X. By Lemma 11.2, fal&) = /fdpén)

converges to f(§) as n — oo. Observing that

e (X) = AGug" (a0) = A(Ge) x, (a0) < Age(an) =1,
we have
|fa(&)] < c,uén)(X) <ec¢ with ¢:=max{|f(2)];z € X} < .

By Lebesgue’s dominated convergence theorem, we have

T [ fap, = tim ([ fau)ap(e) = tim [ fa(©)du() = [ fap.

Thus p,, converges vaguely to p. Similarly, v, converges vaguely to v and hence
p=v. 0O
By Theorem 9.2, we obtain

Corollary 11.1. Let v be an SHS function and let F be a closed subset of ON.
The canonical measure for vy is supported by F.
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